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Abstract— This work considers a semi-implicit system A, that is, a pair (S,y), where S is a explicit system
described by a state representation &(t) = f(t, z(t),u(t)), where z(t) € R™ and u(t) € R™, which is subject to a
set of algebraic constraints y(t) = h(t, z(t), u(t)) = 0, where y(t) € R!. An input candidate is a set of functions
v = (v1,...,0s), which may depend on time ¢, on z, and on u and its derivatives up to a finite order. Forgetting
some technical assumptions, one says that this input is proper, if there exists some state z such that the implicit
system admits a proper state representation z = g(t, z,v). Given an implicit system and an input candidate v,
the problem studied in this paper is the question of verifying if v is proper input and if the corresponding state
representation is linearizable by regular static-state feedback (considering the state z and the input v). Under
some mild assumptions, the main result of this work shows necessary and sufficient conditions for the solution
of this problem. These solvability conditions may be computed without the knowledge of z, and they rely on
an integrability test that regards the explicit system S. The approach of this paper is the infinite-dimensional

differential geometric setting of (Fliess et al., 1999).

Keywords— Nonlinear systems, flatness, exact linearization, state representations, implicit systems, realiza-
tion theory, DAE’s, differential geometric approach, diffieties

1 Introduction

The problem that is considered in this paper is de-
fined in this section. The statement of this prob-
lem is a little bit imprecise for the moment, since
this section concerns only the main ideas.

Let an implicit system A be given by

where! z(t) € R", u(t) € R™.

Let |s] stands for the set {1,2,...,s}. Given
a set of functions v = (vy,...,vs), called input
candidate, where v; = ¢;(t, z(t), u(t),...,ul*)),
a; € NJi € |s], one says that v is a proper input,
if there exists a set z = (21,..., 24) of functions
2z = I(t,z(t),u(t),...,u?) such that the system
A admits a state representation

2(t) = g(t, 2(t), v(t)) (2)

The problem studied in this paper regards the
following aspects

(a) To check if v is a proper input.

(b) If (a) is true, then one may try to check if (2)
is locally linearizable by regular static-state
feedback.

INote that z(t) and u(t) are not necessarily the state
and the input of the implicit system since the algebraic
constraints and their derivatives may induce (differential)
relations linking their components.
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Note that static-state feedback of this problem
considers the state z and is applied to the input v,
that is, is of the form v(t) = V(¢, 2(t), n(t)), where
n(t) is the new input. The closed loop system is
given by the linear controllable time-invariant sys-
tem

¢(t) = AC(t) + Bn(t)
where ¢ is a new state. Note that v is not nec-
essarily a physical input of the implicit system,
but it may be a virtual input, as in the context of
backstepping (Krstic et al., 1995).

Under some mild assumptions, the main re-
sult of this work shows necessary and sufficient
conditions for the solution of this problem. These
conditions rely on an integrability test that is com-
puted from the explicit system S that is obtained
by disregarding the constraints y = 0. Further-
more, these conditions may be computed without
the knowledge of the state z of (2) .

The problem of verifying if v is a proper in-
put of the implicit system has been solved in
(Pereira da Silva and Batista, 2010). The results
of (Pereira da Silva, 2008) are combined with the
ones of (Pereira da Silva and Batista, 2010) in or-
der to solve this problem.

The approach of this paper is the infinite-
dimensional differential geometric setting of
(Fliess et al., 1999). The survey (Pereira da Silva
et al., 2008) presents the results about this ap-
proach that are considered here. For complete-
ness, a very brief summary of this approach is pre-
sented in appendix A, which introduces some stan-
dard vocabulary and notation of this approach.
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The field of real numbers will be denoted
by R. For simplicity, we abuse notation, letting
(21,22) stand for the column vector (z{,z1)T
where z; and 29 are also column vectors. Let
x = (x1,...,2,) be a vector of functions (or a
collection of functions). Then {dz} stands for the
set {dxi,...,dz,}. Let S be a system with Car-
tan field % (see appendix A). The Lie deriva-
tive L 47 of a function (or a form) n will be de-

noted by 7 (or n™") and the k-fold Lie deriva-
tive L* n of  will be denoted by n®). If n =
dt

)

(m,... ',/nm) is a set of functions (or forms), then
n®) stands for n*) = (n§k>,...,n§,’f)). A codis-
tribution © = span {w;,i € A} is said to be inte-
grable if the exterior derivatives of each w; can be
expressed as dw; = Y jerMj A\ wj for convenient
one forms 7;,j € F, and F' is a finite set?. Car-
tan’s version of the Frobenius theorem can be used
in the context of diffieties for finite dimensional
integrable distributions I', when I' is nonsingular
(see (Pomet, 1995; Pereira da Silva et al., 2008)).

2 Some facts about implicit systems

Consider an implicit system A of the form (1),
and suppose that also that all the functions defin-
ing (1) are smooth. One will call z(t) € R”
the “pseudo-state” and u(t) € R™ will be called
the “pseudo-input™. Recall from (3), that S is
obtained from A by disregarding the constraints
y = 0. Furthermore, the functions y = h(t, z, u)
are considered to be outputs of S. Throughout
this paper, the system A is the implicit system
defined by (1), and S is the explicit system given

by
) = S ul)
9 { u(t) = hite@.u) &

System S can be viewed as a diffiety with Cartan
field % and output? y = h(t,z,u), in the frame-
work of (Fliess et al., 1999) (see appendix A).

Then y*) stands for the function L¥, y = i—iy de-
dt ’

fined on S, which may depend on z,u(®, v, .. ..

The following codistribution, defined on the
system (diffiety) S given by (3), will be used in
the sequel

Y = span {dt, (dy™ : ke N)} . (4)

Definition 1 A local output subsystem® Y for the
explicit system S with output y defined by (3),
is a diffiety Y and a Lie-Bicklund submersion

2This means that the differential ideal generated by
is differentially closed).

3This terminology is justified in (Pereira da Silva and
Batista, 2010; Pereira da Silva et al., 2008)

4Tt must be pointed out again that y = h(t,z,u) is
regarded an output rather than a constraint.

5See (Pereira da Silva and Corréa Filho, 2001;
Pereira da Silva et al., 2008).
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m:UCS — Y, where U C S is an open sub-
set, such that 7*(1yY) = V¢ for all £ € U. A
local state representation ((zq4,xp), (Uq,up)) of S
is said to be strongly adapted® to the output sub-
system Y if

(A) The Lie-Bécklund submersion 7 is locally
given by 7 (t,xq,xp, (uéj),ul(f) j € N) =
(t, 2q, (u,(f)7j e N)).

(B) The local state equations of S are of the form

fa(t, a, ua) (5a)
fo(t, Za, Tp, U, up) (5b)

Ty =

Ty =

where (5a) are the local state equations” for Y.
(C) span {dl‘a, (du((lk) ke N)} = span {dy(k) :
k € N}.

(D) The set of functions {xa,ugk) : k€ N)}is
contained in the set {y*) : k € N}. &

Remark 1 It is important to point out that the
components of the input (uq,up) are redefined,
that is, they are not necessarily a reordering of
the original input w of S. The same remark ap-
plies to the components of (xq,xp), with respect to
the original state x.

Let A be the subset of the explicit system
(diffiety) S defined by the points of S for which

all the Lie derivatives y*) = %ky vanish:
A={ces[yME=0keNt (6

Definition 2 An implicit system A (defined by
(1)) is regular if

o A0

e There exists a local output subsystem Y for
system S with output y around all £ € A.

e Around all £ € A, system S admits local state
equations that are strongly adapted to Y.

&

Sufficient conditions for showing that a given
implicit system is regular are given in (Pereira da
Silva and Corréa Filho, 2001; Pereira da Silva
et al., 2008). They are essentially linked to the
notion of zero dynamics that appears in the de-
coupling theory. For completeness, these results
are re-stated in Appendix B, which shows how

6The weaker definition of adapted state equations con-
sidered in Theorem 4.3 of (Pereira da Silva and Cor-
réa Filho, 2001) is obtained if one replaces the assump-
tions (C) and (D) by the only assumption that Y =
span {dt,dma, (dugk) ke N)}
shows that the output subsystem is locally unique up to
local Lie-Béacklund isomorphisms.

"Using (C) and (D), one may show that f, does not
depend on t.

This last theorem also
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to compute the strongly adapted state represen-
tation.

The following definition regards an implicit
system as an immersed submanifold.

Definition 3 Consider an implicit system A de-
fined by (1) and the explicit system S defined by
(3). A diffiety T is said to be equivalent to the
implicit system A if:

e There exists a Lie-Béacklund immersion ¢ :
I—2_5.

e For every solution o(t) of A, there exists a
solution v(t) of " such that o(t) = ¢t o v(t).

The equivalent system I' is said to be canonical if
I' C S, the topology of T is the subset topology, ¢
is the insertion map, and T is a control system?®.

&

The concept defined above is compatible with
the notion of equivalence by endogenous feedback.
In fact, it is show in (Pereira da Silva et al., 2008)
that, if an implicit system A is equivalent to I'y
and A is also equivalent to I's, then I'y and T’y
are equivalent by endogenous feedback. It can be
shown that a regular implicit system defined by
(1) is equivalent to an immersed system in the
explicit system S defined by (3). This result is
the Proposition 1 below.

Proposition 1 (Pereira da Silva and Cor-
réa Filho, 2001; Pereira da Silva et al., 2008) Let
A be a regular implicit system defined by (1) and
let S be the explicit system associated to (3). Then
the subset A C S defined by (6) has a canonical
structure of immersed (embedded) submanifold of
S such that the canonical insertion v : A — S is
a Lie-Béicklund immersion®. Furthermore A ad-
mits a local classical state representation around
every point £ € A. In particular, A is canonically
equivalent to A.

The idea of the proof of Proposition 1 is to
consider the local state representation (5) that
is strongly adapted to the output subsystem. It
is shown that {t, z.,xp,U,,Up} and {t,xzp, Uy}
are respectively local coordinates'® for S and A,
where U, = {u{’ : j € N} and U, = {ul(f) :
j € N} In these coordinates u(t,xp,Up) =
(t,0,2p,0,Up).

It must be pointed out that the proof of
proposition 1 shows also that the local state equa-
tions for A are given by @, = fo(t,0, 25,0, up).

8By definition, I is a control system if it locally admits
a state representation around every point v € I'.
9Since 1« injective, it can be shown that Cartan field 0%

of A may be canonically defined by 1xOx = o ¢, where

% is the Cartan field of S.
10Using the same name of z; as a set of local coordinate
functions of A and S is an abuse of notation. One could

write for instance Zp and consider that &, = xp o ¢.

a
dt
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In particular, the implicit system is equivalent
to a kind of “zero dynamics”, as pointed out in
(Byrnes and Isidori, 1991; Krishnan and McClam-
roch, 1994). Note that these notions of equiva-
lence allow one to define a state representation of
an implicit system A as being a state representa-
tion of an equivalent system A.

3 Adapted projections

Given any state representation (Z,u) defined
on U C S, with £ = (x4,2p) and @ =
(uq,up) of S that is adapted to the output
subsystem Y, its clear that the C'°°(U)-module
U = span {dt,d:tmdxb, (du((lk),dul()k) ke N)} is
locally decomposed as U = B @& ), where
Y = span {dt,dma,(dugj) :jeN)} and B =

span {dmb, (dul(f) 1j € N)} Here one may regard
U =BaY, B, and Y as modules over C*(U). An-
other possible point of view is to work pointwise
at some & € U. Then, U|¢, Ble, Y|e become vector
spaces over R. Recall that a one-form defined on
U may be written as

Na ny
oodt + Z a;dx,, + Z Bidxy, (7)
i=1 i=1

w =
Mg OO mp 00O
k
£ el £ 3 e
7=0 k=0 7=0 k=0

for adequate smooth functions o, Bi, Vjk, €jk-
Around any v € U, a state representation defines
a local coordinate system, so there exists some
open neighborhood V,, of v, such that only a fi-
nite subset of those functions could be nonzero on
V.. However, for the sake of defining our projec-
tion #, one may consider the previous infinite sum
without any problem.
One may define locally the projection 6

B®Y — B, called adapted projection, which asso-
ciates a one-form w to its projection

Ny oo My
O(w) = Z Bidxy, + Z Z Ejkdul(,f)- (8)
i=1

k=0 j=1

This projection is clearly a module morphism (or a
linear map between vector spaces, when one works
pointwise).

4 Proper Inputs

The notion of a proper input v is now stated in a
precise manner.

Definition 4 (Proper input) Assume that a im-
plicit system (1) is regular. Consider the ex-
plicit system S with output y defined by (3).
Let v = (v1,...,vs) be a set of functions defined

around a point ¥ € A C S, where A is defined
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by (6)!1. The set v is the input candidate of the
implicit system. The input candidate v is said
to be a proper input around some point v € A
if there exists a local proper state representation
((2a, 2), (vg, v)) for the explicit system S, defined
around v, that is strongly adapted to subsystem

Y. &

Remark 2 Roughly speaking, in the problem of
testing if v is proper, note that the input candidate
v s the data, and the question is to verify the
existence of such z.

The following theorem gives necessary and
sufficient conditions for the solution a input can-
didate v to be a proper input.

Theorem 1 (Pereira da Silva and Batista, 2010)
Let ((zq,xp), (ua,up)) be a local proper state rep-
resentation of system S defined by (3) that is
adapted to Y. Let 0 be the associated adapted pro-
jection (see section 3). Let ) be the codistribu-
tion, defined on S by (4). Let ~ be the least non-
negative integer'? such that one may locally write

that span {dv} C span {dmb, dul(,o), o dul()y)}@y,
Then v is a proper input around some v € S if and

only if there exists a mon-negative integer § such
that, for the codistribution I'g defined by

Iy = span {dzb, dul(jo)7 e ,dul()v),

9 (dv(o)) .’ (dv<5>)} 9)

and for the codistributions I'y defined by
Iy =spanf{w e€lp_1 |welr_1+Y} (10

one has:

(i) Ty, is finite dimensional and nonsingular and
dimIlg_; —dimI'y = dimv fork=1,...,6 + 1.
(ii) D51 ® Y is integrable.

(iii) To = T'1 & span {6 (dv®)}.

(iv) The set V&) = {0(dv®)} is locally linearly
independent for k =0,...,0.

An intrinsic version of the last theorem®3 can

be found in (Pereira da Silva and Batista, 2010).
However, the presented version is much more suit-
able for computations.

5 A sufficient condition of
feedback-linearizability

This section presents the main result of this pa-
per. One will combine the results of (Pereira da

HRecall that the components of v may depend on
t,m,u,u(l),...

12The existence of the integer + is assured by the fact
that a state representation is a local coordinate system.

L3Intrinsic in the sense that it does not depend on the
choice of a particular adapted state representation.
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Silva, 2008) with the ones of (Pereira da Silva and
Batista, 2010) in order to obtain a sufficient con-
dition of flatness of the implicit system (1).

Theorem 2 Let v be an input candidate that is a
local proper input of the regular implicit system 1
around some & € A (see (6)). Assume that § is the
corresponding integer, whose existence is assured
by Theorem 1, and let I's1 be the corresponding
codistribution that is defined in that Theorem. Let
Dy = T's11 and let Dy, = span {w € Dy_1|w €
Di—1}. Assume that

(a) The codistributions Dy are nonsingular at &
for ke N.

(b) There exists k* € N big enough, such that
Dy~ = {0}.

(¢) The codistributions Dy + Y are locally inte-
grable around &, for k € N. Let (2) be local state
equations for the implicit system (1). Then this
state representation is linearizable by a regular
static state feedback of the form v =V(t, z,n).

Proof (Sketch): According to (Pereira da
Silva and Batista, 2010), the explicit system S de-
fined by (3) admits a strongly adapted local state
representation ((z4,2), (uq,v)) with local state
equations given by

fa(tvjaa ﬂ/a)

fz(ta Zavvj;a7aa)

(11a)
(11b)

Ty =

2‘; =

Recall the context of the proof of proposition 1
(see (Pereira da Silva et al., 2008)). Let ¢ : A — S
be the Lie-Béacklund immersion that is locally de-
fined by (t,z,(v® : k € N))  (t,2, (v®

k € N),xa,(ugk) : k € N)), where (xm(u((lk) :
k € N)) = 0. Since the state representation
is strongly adapted, then Y = span {dy(k)} =
span {dma, (dugk) ke N))}
show that :*Y = 0. From this, it is easy to show

from the fact that T'sy; + Y = span {dt,dz} + Y
(see (Pereira da Silva and Batista, 2010)) that

Then it is easy to

V(D541 +Y) = span {dt,dz} . (12)

From the fact that ¢ is Lie-Béacklund, it follows
that, locally, Lp,t*w = L*L%w for every one-
form w defined on S, where da is the Cartan
field of A and % is the Cartan-field of S. From
this, and from (12) it follows that, if one defines
&k = "Dy, k € N, then it is easy to show that

&L = span {w €& |w S 5k_1},/<5 e N.

Then, from the fact that :* is an isomorphism
(pointwise) when restricted to Dy + span {dt}, it
is easy to see that conditions (a), (b), (c¢) implies
that

(A) The codistributions & are locally nonsingular
at for k € N.

(B) There exists k* € N big enough, such that
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Ep+ = span {dt}.

(C) The codistributions & are locally integrable
around &, for £ € N. The desired result follows
easily, since (A), (B), and (C) are the static lin-
earizability conditions of (Pereira da Silva, 2008,
Theo. 2). O

Remark 3 It is shown'* in (Pereira da Silva
and Batista, 2010) that, wunder the assump-
tions of Theorem 8 (see Appendiz B), the
codistribution Tog = Ty 4+ Y s given by
Iy = span {dx, du® . du) du©@ L de® }—i—
Y and it s also shown that the codistributions
'y +Y, k € N do not depend on the particular
(strongly) adapted state representation that is cho-
sen. In particular, it is easy to show that the con-
ditions of theorem 2 are also independent of this
choice.

6 Example

Consider the following academic example (see
(Pereira da Silva and Batista, 2010))

Z1(t) w1 + 2x3U9
a(t) = txs+ 2(x; + 1)uy + dzyz3ug
i3(t) = wua(t), yt) =x1 — 22 =0
Let x = (x1,22,23) and v = (uy,us) The in-
put candidate for this example is v = tx3 +

Uq (xl — x%) In (Pereira da Silva and Batista,

2010) it is shown fr this example that is pos-

sible to choose x, = y = x1 — 7%, u, =
Yy = uy, xp = (wo,x3) and up = wue. It
is also shown that Ty = span {dxy, duy,dip}.

I’y = span {dzy, dup}, and that I'y = span {dz;}.
I's = span{dt,dxs — dx3z1d2s3}. To see
that T's + span{dy} is integrable, it suffices
to notice that dy = dx; — 2x3drs, hence
s + span {dy} = span {dt,dxy — 2z1dx1,dy} =
span {dt,d(mz - x%),dy}. It follows that all the
assumptions of Theorem 1 holds.

Further computations!® shows that D; = {0}.
In particular the conditions of Theorem 2 holds.
In this relatively simple example, it was possible
to compute the state representation 2, obtaining
(see (Pereira da Silva and Batista, 2010))

Z=w (13)

where z is given by zo — 2. It is obvious that (13)
is feedback linearizable and so z is a flat output of
the implicit system. It is important to say that,
in some cases, it may be very hard to integrate
the codistributions in order to obtain z and (2),
that is, an explicit state representation of the im-
plicit system. However, the existence conditions
of Theorems 1 and 2 are always checkable.

14Gee the proof of Theorem 4.9 of (Pereira da Silva and
Batista, 2010)

15These computations have been performed using
Matlab® / Maple®.
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A Diffieties and Systems

This appendix is a very brief summary of some
facts about the infinite dimensional approach of
(Fliess et al., 1999). A survey about this subject
can be found in (Pereira da Silva et al., 2008).

RA-Manifolds, Diffieties and Systems.

An ordinary diffiety is an R“ manifold for
which there exists a field %, called Cartan field.

A system S is a pair (S,t), where S is an or-
dinary diffiety, and ¢ : S — R is a function , called
time, such that 4(t) = 1 and such that around
any point £ € S there exists local coordinates of
S of the form (t,n)16.

State Space Representation and Out-
puts. A local state representation of a system
(S,t) is a local coordinate system ¢ = {t,z,U},
where z = {z;,i € |n]}, U = {ugk)\j € |ml,k €
N}. The set of functions = (z1,...,z,) is called
state and the set u = (ug,...,uy) is called in-
put. In these coordinates the Cartan field is locally
written by

d 90 ~, 0 (k+1) O
dt’aﬁ;ﬁaxﬁ 2 5u® (14)

k€N,
JELm]

It follows from (14) that L%u(k) = %(u(k)) =
w1 So the notation u(®) is consistent with
the fact that, along a solution'”, it represents the
differentiation of u*~1) with respect to time.

A state representation of a system S is com-
pletely determined by the choice of the state z and
the input « and will be denoted by (z,u). An out-
put y of a system S is a set of functions defined on
S. A state representation is said to be classical (or
proper) if f; does not depend on u(® for o > 1. A
control system S is a system such that there exists
a local state representation around every £ € S.

System associated to differential equa-
tions. Now assume that a control system is given
by a set of equations

io=1
o= St u®) ic ] (15)
yJ = nj(x,u,...,u(aj))7 .7 € |_p-|

One can always associate to these equations a diffi-
ety S of global coordinates ¢ = {¢,z, U} and Car-
tan field given by (14).

Solutions. A solution of a system S with
Cartan field % is a smooth map o : (a,b) — S,
where (a,b) C R, such that ¢(t) = (o (t)).
Subsystems. A (local) subsystem S, of a
system S with time notion ¢ is a pair (S,, 7), where

S, is a system with a time notion 7, and Cartan

16This is equivalent to saying that the function t is a
submersion, and the fact that % (t) = 1 is equivalent to
saying that that the function ¢ is Lie-Bécklund, when R is
regarded as a diffiety with trivial Cartan field.

17See the definition of solution given in this section.
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field 9,, and 7 is a Lie-Bécklund submersion 7 :
UcCS — S, between the system U C S and S,
such that 7, om = t. A local state representation
x = (Tq,xp), u = (uq,up) is said to be adapted to
a subsystem S, if we locally have

fa(t,xa,Ub)

fb(ta LayTh, Ua,Ub)

Ty =

(16a)
o (16b)
and (z4,u,) is a local state representation of S,
with state equations (16a).

B Existence of strongly adapted state
equations

Theorem 3 (Pereira da Silva et al., 2008) Let
S be the system with classical state representation
(z,u) and classical output y, defined'® by (3). Let
v e A, where A C S is defined by (6). Assume
that there exists a partition y = (§,7y), where §
is called the independent part, and ¥y is called
dependent part of the output. Assume also that
there exists some a € N such that, locally around

v, one has
1. span {de} O span {dt, dy ), ..., g} =

span {dxr} 1 span {dt, dg®, ... g}

2. span {dt, de,dg®, . .. ,dgj(afl)} is locally
nonsingular around &.

3. span {dt, dz, du, dg®, ..., dg(“)} is locally
nonsingular around &.

4. The set {dt,dy®,... dy'"} is pointwise
independent in an open neighborhood of €.

. span {dy(o), cey dy(o‘_l)} C

span {dt, de,dg®, .. ., dy(o‘fl)}.

6. span {dt7 dy©@, ..., dy(k)} is nonsingular for
k=aandk=a—-1.

7. span {dy("‘)} -
span {dt, dy©@, dy™ ... dyle=D), dg(a)},

8. span {dy(o), dyM, ... ,dy(k)} is monsingular
around v fork=a—1 and k = «.

Then there exists a local output subsystem Y
defined around v that admits a strongly adapted
state representation (Z,u), where & = (xq,xp)
and @ = (uq,up). Moreover:

(A) One may choose u, = 5.

(B) One may choose z, < {y, ... yle=V}
such that {dt,dz,} is a local basis of
span {dy®, ... dyl*=V}.

(C) One may chose x, in a way that

dxy completes {dt,dz,} to a local basis of
span {dt,dz,dy, ..., dy @V}

(D)  One may  chose w, in  or-
der to complete {dt,dxq, dxy, dug}

18The state representation (x,u) is classical if
span {dz} C span {dt,dz,du} and the output y is

classical if span {dy} C span {dt, dz, du}.
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to a basis {dt,
span {dt, dx,du,dy, . ..

dxg,dxy, dug, dup}  of
; dy(a) }

In particular, if A is nonempty and these as-
sumptions hold around all £ € A, then the cor-
responding implicit system (1) is regular. Fur-
thermore, span{dz} + Y = span{dxp} ® Y and
span {dz,du} + Y = span {dxp,dup} ® Y.

Proof: The proof of the theorem is an easy con-
sequence of the proof of Theorem 5 of (Pereira da
Silva et al., 2008). a
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