Optimal Stopping with Continuous Control of Piecewise Deterministic Markov Processes^�

O.L.V. Costa, C.A.B. Raymundo

Departamento de Engenharia de Telecomunicações e Controle

Escola Politécnica da Universidade de São Paulo C.P.: 61548 - CEP:05424 970 - São Paulo, SP, Brazil. e-mail: oswaldo@lac.usp.br

F. Dufour

Laboratoire des Signaux et Systèmes C.N.R.S. – E.S.E. Plateau de Moulon 91192 Gif-sur-Yvette Cedex, France.

Abstract In this paper we consider the problem of optimal stopping and continuous control on some local parameters of a piecewise-deterministic Markov processes (PDP’s). Optimality equations are obtained in terms of a set of variational inequalities as well as on the first jump time operator of the PDP. It is shown that if the final cost function is absolutely continuous along trajectories then so is the value function of the optimal stopping problem with continuous control. These results unify and generalize previous ones in the current literature.

Keywords: deterministic Markov processes, optimal stopping, continuous control AMS 1991 subject classification: Primary 60G40 Secondary 90C40

∗This work was supported in part by CNPq (Brazilian National Research Council, grant number 305173/88 for the first author), FAPESP (Research Council of the State of São Paulo, grants number 97/04668-1 for the first author and 97/10141-6 for the second author), and the Franco-Brazilian cooperation mission COFECUB (number UC 40/97).

1 Introduction

Piecewise-deterministic Markov processes (PDP’s) were introduced by Davis [6] as a general family of non-diffusion stochastic models suitable for formulating many optimization problems in several areas of operations research [5],[6]. The motion of a PDP depends on three local characteristics, namely the flow ϕ, the jump rate λ and the transition measure Q, which specifies the post-jump location. Starting from x the motion of the process follows the flow ϕ(t, x) until the first jump time T_1 which occurs either spontaneously in a Poisson-like fashion with rate λ(ϕ(t, x)) or when the flow hits the boundary of the state space. In either case the location of the process at the jump time T_1 is selected by the transition measure Q(.; ϕ(T_1, x)) and the motion restarts from this new point as before. The theory of PDP’s has recently been developed for invariant measures [8], continuous control [5],[7],[18], optimal stopping [3],[5], [11], [13], and impulse control [4],[5],[10], with some specific problems being solved [5]. Related to PDP’s are the so-called Markov Decision Drift Processes, which deals with problems involving interventions (similar to impulse control) and continuous control on the rate of jumps and post-jump location measure. Such problems have been analyzed in [17] via time-discretization, and in [19] via Bellman inequalities .

In this paper we consider the optimal stopping with continuous control of PDP’s. Optimal stopping problems have been studied in a general framework in [2],[15],[16],[20],[21], and for PDP’s in [3],[4], [5],[10],[11],[13]. In [11] the author defines an operator related to the first jump time of the process, which we shall call first jump operator, and shows that the value function of the optimal stopping problem is a fixed point for this operator. The basic assumption in this case is that the final cost function is continuous along trajectories, and it is shown that the value function will also have this property. In [10],[13] the authors adopt some stronger continuity assumptions and boundary conditions to show that the value function of the optimal stopping problem satisfies some variational inequalities, related to integro-differential equations. In [5] Davis assumes that the final value function is bounded and locally Lipschitz along trajectories to show that the variational inequalities is a necessary and sufficient to characterize the value function of the optimal stopping problem, which will also be locally Lipschitz along trajectories.

The main differences between this paper and previous ones [3],[5],[10],[11],[13] are twofold. Firstly we allow for continuous control on the local parameters λ and Q, besides the optimal stopping problem. In the previous papers, only optimal stopping was allowed. In order to do that, we consider a more general family of stochastic processes, not necessarily time-homogeneous Markovian processes. Secondly, we weaken the continuity assumptions of [5],[10],[13] and assume that the final cost function is only absolutely continuous along trajectories, to show that the value function will also have this property. No boundary conditions are considered here. Moreover we show that the value function is the unique fixed point of the operator associated to the first jump operator of the process, as well as the unique solution of a set of variatonal inequalities, defined in terms of the infinitesimal operator of the process. We believe that these results unify and generalize previous ones.

Optimal stopping problems are interesting not only by its own, but also because they are the first step to study the more general problem of impulse control. In this case, control is taken by intervention, that is, the decision to act is taken at discrete times, in response to the random evolution of the system, and the process moved to a new point in the state space. Problems of this kind were first studied by Bensoussan and Lions [1], in the context of diffusion processes, as an application of variational and quasi-variational inequalities. In a companion paper, the authors will apply the results of the present paper to analyze the impulse with continuous control problem of PDP’s, under the absolutely continuity along trajectories assumptions adopted here.

This work is organized in the following way. In Section 2 we present some notation and definitions, while in Section 3 we define our optimal stopping with continuous control problem. In Section 4 we present some auxiliary results. The main results are presented in Section 5, with Theorem 5.2 characterizing the value function of our optimal stopping with continuous control problem as the unique fixed point of the first jump operator, or as the unique solution of a set of variational inequalities. It is also show that the absolutely continuous property is preserved from the final cost function to the value function.

2 Notation and Preliminary Definitions

Let E^0 be an open non-empty subset of R^d, ∂E^0 its boundary. We consider ϕ(t, x) the flow of a Lipschitz continuous vector field L. Define ∂^±E^0 = {z ∈ ∂E^0; z = ϕ(±t, x) for some x ∈ E^0}, and ∂_1E^0 = ∂^−E^0 − ∂^+E^0. Set E = E^0 ∪ ∂_1E^0, σ(E) the Borel σ-field of E, P(E) the set of probability measures on E, ∂E^∗ = ∂^+E^0, and for each x ∈ E, write t^∗(x) = inf{t > 0; ϕ(t, x) ∈ ∂^∗E}, where inf{∅} := ∞. Define t^∗(z) = 0 for z ∈ ∂E^∗, and for t < t^∗(x),

I_t(x) = { [t, ∞) if t^∗(x) = ∞ [t, t^∗(x)] if t^∗(x) < ∞ . We set B(E) and B(∂^∗ E) the set of all bounded Borel measurable functions from E and ∂^∗E into R respectively. We define

B^c (E) = {f ∈ B(E); f(ϕ(., x)) : [0, t^∗(x)) → R is continuous for each x ∈ E, and lim_{t↑t}∗_{(x)}f(ϕ(t, x)) exists}. B^{ac} (E) = {f ∈ B^c (E); f(ϕ(., x)) : [0, t^∗(x)) → R is absolutely continuous for each x ∈ E}

and we define for f ∈ B^c (E), f(z) = lim_{t↑t}∗_{(x)}f(ϕ(t, x)) for all z = lim_{t↑t}∗_{(x)}ϕ(t, x) ∈ ∂^∗E. We consider the following parameters for our problem:

a) U(.) is a Borel set-valued function such that for each x ∈ E ∪ ∂^∗E, U(x) ⊂ U, where U is a non-empty Borel space, and a.1) U(x) is compact for each point x ∈ E ∪ ∂^∗E, a.2) U(ϕ(., x)) : [0, t^∗(x)) → U is right continuous for each x ∈ E.

b) λ(., .) : E × U→ R_+ is a bounded Borel measurable function such that for each x ∈ E λ(x, .) : U(x) → R_+ is continuous, c) Q(.; ., .) : E ∪ ∂^∗E × U→ P(E) are such that for each g ∈ B(E), and x ∈ E, z ∈ ∂^∗E , c.1) Qg(x, .) : U(x) → R is lower semi continuous, c.2) Qg(z, .) : U(z) → R is lower semi continuous, where we use the notation, Qg(x, .) = ∫ E g(y)Q(dy; x, .).

d) f(., .) : E × U→ R is a bounded Borel measurable function such that for each x ∈ E, f(x, .) : U(x) → R is lower semi continuous, e) r(., .) : ∂^∗E ×U→ R is a bounded Borel measurable function and for each z ∈ ∂^∗E r(z, .) : U(z) → R is lower semi continuous.

f) φ ∈ B^{ac} (E).

Define for each x ∈ E and t ∈ [0, t^∗(x))

V_t(x) = {v(.) : I_t(x) → U measurable; v(s) ∈ U(ϕ(s, x)) for each s ∈ I_t(x)} and write V (x) = V_0(x). For any v ∈ V (x),set 1)λ^v(ϕ(s, x)) = λ(ϕ(s, x), v(s)), 2) Q^v(.; ϕ(s, x)) = Q(.; ϕ(s, x), v(s)), 3) f^v(ϕ(s, x)) = f(ϕ(s, x), v(s)) 4) r^v(ϕ(t^∗(x), x)) = r(ϕ(t^∗(x), x), v(t^∗(x))). We also define

U = {u(.) : E ∪ ∂^∗E → U a measurable function such that u(ϕ(t, x)) ∈ U(ϕ(t, x)) for each x ∈ E and t ∈ I_0(x)}.

and, as before, set for u ∈ U, λ^u(x) = λ(x, u(x)), Q^u(.; x) = Q(.; x, u(x)), f^u(x) = f(x, u(x)) and r^u(z) = r(z, u(z)) for z ∈ ∂^∗E. For any u ∈ U, we shall define v(u) ∈ V (x) as v(u)(t) = u(ϕ(t, x)), t ∈ I_0(x). From the definition of U above it is clear that indeed v(u) ∈ V (x).

Remark 2.1. From the assumptions b), c.1), c.2), d), and e) we have that for g, h ∈ B(E), f(x, .) − λ(x, .) ∫ E (h(x) − g(y))Q(dy; x, .) and r(z, .) + Qg(z, .) are lower semi-continuous in U(x). Therefore from the compactness assumption in a.1) and the results in Proposition D5) in [12], page 183, there exists a measurable selector u^∗ ∈ U such that for each x ∈ E, z ∈ ∂^∗E f^{u∗} (x) − λ^{u∗} (x) ∫ E (h(x) − g(y))Q^{u∗}(dy; x) = min_{a∈U (x)}{f(x, a) − λ(x, a) ∫ E (h(x) − g(y))Q(dy; x, a)}, r^{u∗} (z) + Q^{u∗} g(z) = min_{a∈U (z)}{r(z, a) + Qg(z, a)}.

3 Optimal Stopping with Continuous Control Problem

3.1 Problem Formulation Let D denote the space of right-continuous functions ω(.) on R_+ taking values in E such that the left limit exists for all t > 0. Denote by x_t the coordinate function x_t(ω) = ω(t) for all ω ∈ Ω. Let F^0_t = σ{x_s; 0 ≤ s ≤ t} and F^0 = ∨_{t≥0}F^0_t . For ω ∈ D, set for k = 0, 1, 2, . . .

T_0(ω) = 0,

T_k(ω) = { inf{t > T_{k−1}(ω); x_t(ω) ≠ x_t− (ω)} if T_{k−1}(ω) < ∞ ∞ otherwise , k > 0, T_∞(ω) = lim_{k→∞}T_k(ω) Z_k (ω) = { x_{Tk(ω)}(ω) if T_k(ω) < ∞ Δ if T_k(ω) = ∞ where Δ represents a cemetery state. We shall write for k = 0, 1, . . . ,

ϖ_k(ω) = (Z_0(ω), T_1(ω), Z_1(ω), . . . , T_k(ω), Z_k(ω)).

Let us define Ω ⊂ D such that ω ∈ Ω if x_t(ω) = ϕ(t, Z_0(ω))1_{{0≤t<T1(ω)}} + ∞∑ k=2 1_{{Tk−1(ω)≤t<Tk(ω)}}ϕ(t − T_{k−1}(ω), Z_{k−1}(ω)). We shall define the set of admissible continuous control strategies Ψ in the following way. A point ψ = (ζ_1, ζ_2, . . .) ∈ Ψ if it is predictable (see [5], page 264) that is, for every ω ∈ Ω, ψ(ω, t) =1_{{0≤t≤T1(ω)}}ζ_1(Z_0(ω), t) + ∞∑ k=2 1_{{Tk−1(ω)<t≤Tk(ω)}}ζ_k ( ϖ_{k−1}(ω), t − T_{k−1}(ω) ) + 1_{{T∞(ω)≤t}}Δ̂ where ζ_k is a Borel measurable function from (E∪{Δ})× ∏_{k−1} i=1 ( R_+∪{∞})×(E∪{Δ}) ) × R_+ to

U∪ {^^Δ} satisfying, for all s ∈ I0(x) and ω ∈ Ω such that Tk−1(ω) < ∞, ζ_k(ϖ_{k−1}(ω), s) ∈ U(ϕ(s, Z_{k−1}(ω))), whereas for the case in which T_{k−1}(ω) = ∞, the control variable takes the value of the cemetery state Δ̂. It follows that ζ_k(ϖ_{k−1}(ω), .) ∈ V (Z^ψ_{k−1}(ω)). We define the motion of the process {X^ψ_t } associated to the strategy ψ, starting from a point x ∈ E, in the following way. Take a random variable T^ψ_1 such that

P_x(T^ψ_1 > t) = { exp{− ∫_t 0 λ^{ζ1} (ϕ(s, x))ds} for t < t^∗(x) 0 for t ≥ t^∗(x)

where ζ_1(x, .) ∈ V (x). If T^ψ_1 generated according to the above probability is equal to infinity, then X^ψ_t = ϕ(t, x) for all t ≥ 0. Otherwise select independently an E-valued random variable having distribution Q^{ζ1} (.; ϕ(T^ψ_1 , x)). The trajectory of {X^ψ_t } starting at x, for t ≤ T^ψ_1 , is given by

X^ψ_t = { ϕ(t, x) for t < T^ψ_1 Z^ψ_1 for t = T^ψ_1 . Starting from X^ψ_{T ψ1} = Z^ψ_1 , we now select the next inter-jump time T^ψ_2 − T^ψ_1 and post-jump location X^ψ_{T ψ2} = Z^ψ_2 in a similar way, using ζ_2(x, T^ψ_1 , Z^ψ_1 , .) (which by definition belongs to V (Z^ψ_1 ) for T^ψ_1 and Z^ψ_1 fixed) instead of ζ_1(x, .). This gives a time-variant piecewise-deterministic trajectory for the process {X^ψ_t } with jump times T^ψ_1 , T^ψ_2 , . . ., and post-jump location Z^ψ_1 , Z^ψ_2 , . . . . Note that in general we can not guarantee that the process {X^ψ_t } is a Markov process, since ζ_k may depend on the whole history of the process up to k^{th}-jump. For the case in which we have, for all k = 0, 1,. . . ζ_k (ϖ_{k−1}(ω), .) = u_k(ϕ(., Z_{k−1}(ω))) for u_k ∈ U, k = 0, 1, . . . ,we write ψ = (u_1, u_2, . . .) and it can be shown by arguments similar to the ones in [5], pages 62-66 that {X^ψ_t } is a strong Markov process (although not necessarily homogeneous). The particular case in which u_k = u for all k = 0, 1, . . ., for some u ∈ U, corresponds to the situation of a time homogeneous PDP, to be further detailed in the next subsection.

The procedure above defines a family of measures {P^ψ_x ; x ∈ E} on (Ω, F^0). The final assumption on ψ to be an admissible control is that for every x ∈ E,

E^ψ_x ( ∞∑ k=1 1_{{T} ψ_{k ≤t}}) < ∞ (1) for all t ∈ R_+. In particular (1) implies that T^ψ_k → ∞ as k → ∞ almost surely. For any μ ∈ P(E), define P^ψ_μ on (Ω, F^0) as P^ψ_μ (A) = ∫ A P^ψ_x (A)μ(dx). Let F^{ψ,μ}_t be the completion of F^0_t with respect to all P^ψ_μ -null set of F^0, and F^ψ_t = ∩_{μ∈P(E)}F^{ψ,μ}_t . By the same arguments as in [5], Theorem 25.3, page 63, it follows that F^ψ_t is right-continuous. Define p^{ψ∗}(t) = ∞∑ i=1 1_{{t≥T} ψ_{i }}1_{{X}ψ_{Ti(ω)- ∈∂∗E}} which is a measure that counts the number of jumps from the boundary. Associated to an admissible control strategy ψ and an F^ψ_t -stopping time τ, we have the following cost, for α > 0:

J^{ψ,τ} (x) = E^ψ_x ( ∫_τ 0 e^{−αs}f^ψ (X^ψ_s )ds + ∫_τ 0 e^{−αs}r^ψ(X^ψ_s- )dp^{ψ∗}(s) + e^{−ατ} φ(X^ψ_τ )), (2) where

f^ψ(X^ψ_s (ω)) = f(ϕ(s − T^ψ_{i−1}(ω), Z^ψ_{i−1}(ω)), ζ_i(ϖ_{i−1}(ω), s − T^ψ_{i−1}(ω))) for T^ψ_{i−1}(ω) ≤ s < T^ψ_i (ω) r^ψ(X^ψ_s- (ω)) = r(X^ψ_{Ti(ω)-} (ω), ζ_i(ϖ_{i−1}(ω), T^ψ_i (ω))) for s = T^ψ_i (ω) and X^ψ_{Ti(ω)-} (ω) ∈ ∂^∗E.

To avoid unbounded lower limit for the value function, we assume that there exists d_1 ≥ 0 such that for every ψ ∈ Ψ and x ∈ E,

E^ψ_x ( ∫_∞ 0 e^{−αs}min(0, r^ψ(X^ψ_s- ))dp^{ψ∗}(s)) ≥ −d_1 (clearly this is always satisfied for r ≥ 0). We consider the following optimal stopping with continuous control problem: ρ(x) = inf_{ψ∈Ψ} inf_{τ ∈Mψ}J^{ψ,τ} (x) (3)

where M^ψ denotes the set of all F^ψ_t -stopping times. It will be convenient to define also the following truncated optimal stopping with continuous control problem. For n = 0, 1, . . ., set

J^{ψ,τ}_n (x) = E^ψ_x ( ∫_{τ ∧T} ψ_n 0 e^{−αs}f^ψ (X^ψ_s )ds + ∫_{τ ∧T} ψ_n 0 e^{−αs}r^ψ(X^ψ_s- )dp^{ψ∗}(s) + e^{−ατ ∧T ψn} φ(X^ψ_{τ ∧T ψn} )) ρ_n(x) = inf_{ψ∈Ψ} inf_{τ ∈Mψ}J^{ψ,τ}_n (x). (4) Clearly we have that ρ(x) ≤ ρ_n(x) for all x ∈ E.

3.2 Piecewise-Deterministic Markov Processes As mentioned above, the particular case in which ψ = (u, u, . . .) for some u ∈ U corresponds to the definition of a piecewise-deterministic Markov process (PDP for short), as presented in [5]. We shall assume that (1) is satisfied for every ψ = (u, u, . . .) and u ∈ U. For this case we shall just write u instead of ψ for all the definitions of the previous section. As proved in [5], {X^u_t } is a homogeneous strong Markov process, characterized by the following parameters: a) the flow ϕ(., .), b) the jump rate λ^u(.), c) the transition measure Q^u(.; .). Associated to the extended generator of the PDP we have the infinitesimal operator A^u defined in the following way. For h ∈ B^{ac} (E), A^uh is defined as

A^uh(x) = X h(x) + λ^u(x) ∫ E (h(y) − h(x))Q^u(dy; x), where X h(.) is such that for any x ∈ E, t ∈ [0, t^∗(x)), h(ϕ(t, x)) = h(x) + ∫_t 0 X h(ϕ(s, x))ds. 3.3 First Jump Operator We shall now define the first jump operator and some related operators associated to the optimal stopping with continuous control problem posed in sub-section 3.1. For h_2 ∈ B (E × R_+), h_1 ∈

B^{ac} (E), define for each x ∈ E and v ∈ V (x),

J^v (h_1, h_2)(t, x) = ∫_t 0 e^{−αs−Λv (s,x)}(f^v(ϕ(s, x)) + λ^v(ϕ(s, x))Q^vh_2(ϕ(s, x)))ds + e^{−αt−Λv(t,x)}h_1(ϕ(t, x)) where

Q^v h_2(ϕ(s, x))) = ∫ E h_2(y, s)Q(dy; ϕ(s, x), v(s)) Λ^v(t, x) = ∫_t 0 λ(ϕ(s, x), v(s))ds and K^v(h_2)(x) =

∫_t∗_{(x)} 0 e^{−αs−Λv (s,x)}(f^v(ϕ(s, x)) + λ^v(ϕ(s, x))Q^vh_2(ϕ(s, x)))ds + e^{−αt∗(x)−Λv(t∗(x),x)}(r^v(ϕ(t^∗(x), x)) + Q^v h_2(ϕ(t^∗(x), x))) J^v_s (h_1, h_2)(x) = inf_{s≤t<t∗(x)}J^v (h_1, h_2)(t, x).

Finally set L(h_1, h_2)(x) = inf_{v∈V (x)} ({ inf 0≤t<t∗(x) J^v (h_1, h_2)(t, x) } ∧ K^v (h_2)(x) )

= inf_{v∈V (x)} ( J^v_0 (h_1, h_2)(x) ∧ K^v (h_2)(x) ) . (5)

The operator L(., .)(.) defined above is the first jump operator. The following result will be useful in the sequel, and the proof can be found in Theorem A2.3 of [5], page 261. Proposition 3.1. Let τ ∈ M^ψ for some ψ ∈ Ψ. Then there exists Borel measurable functions s_k , k = 1, 2, . . . from (E∪{Δ})× ∏_{k−1} i=1 ( R_+∪{∞})×(E∪{Δ}) ) into R_+∪{∞} such that

τ1_{{τ ≤T} ψ_{1 }} = (s_1(Z_0) ∧ T^ψ_1 )1_{{τ ≤T} ψ_{1 }} τ1_{{T} ψ_{k−1<τ ≤T} ψ_{k }} = (T^ψ_{k−1} + s_k (Z_0, T^ψ_1 , Z^ψ_1 , . . . , T^ψ_{k−1}, Z^ψ_{k−1})) ∧ T^ψ_k 1_{{T} ψ_{k−1<τ ≤T} ψ_{k }}. Consider now ψ = (ζ_1, ζ_2, . . .) ∈ Ψ, and τ ∈ M^ψ defined by the functions s_k, k = 1, 2, . . ., as in the Proposition 3.1 above. Given that Z_0 = x, T^ψ_1 = s,we can now construct a new ψ^′ = (ζ^′_1, ζ^′_2, . . .) ∈ Ψ and τ^′ ∈ M^{ψ′} defined by the functions s^′_k, k = 1, 2, . . . as in Proposition 3.1 in the following way. For ω ∈ Ω, t ≥ 0, k = 1, 2, . . ., ζ^′_k(ϖ_{k−1}(ω), t − T_{k−1}(ω)) = ζ_{k+1}(x, s, ϖ_{k−1}(ω), t − T_{k−1}(ω)) s^′_k (ϖ_{k−1}(ω)) = s_{k+1}(x, s, ϖ_{k−1}(ω)). In this way we can define, associated to a ψ = (ζ_1, ζ_2, . . .) ∈ Ψ and τ ∈ M^ψ, a truncated cost J^{ψ′,τ ′}_{n−1} (z | |x, s)

given as in (4) with initial condition z, and ψ^′ = (ζ^′_1, ζ^′_2, . . .) ∈ Ψ, τ^′ ∈ M^{ψ′} as defined above for x, s fixed. The following result will be useful in the sequel, and establishes a connection between the operators J^v (., .), K^v(., .), and the truncated problem (4).

Proposition 3.2. For any ψ = (ζ_1, ζ_2, . . .) ∈ Ψ, τ ∈ M^ψ, J^{ψ,τ}_n (x) = E^ψ_x ((∫_{s1(x)} 0 e^{−αs}f^ψ (ϕ(s, x))ds + e^{−αs1(x)}φ(ϕ(s_1(x), x)) ) 1_{{T} ψ_{1 >s1(x)}} +

(∫_T ψ_1 0 e^{−αs}f^ψ (ϕ(s, x))ds + ∫_T ψ_1 0 e^{−αs}r^ψ(ϕ(s^−, x))dp^{ψ∗}(s) + e^{−αT ψ1} J^{ψ′,τ ′}_{n−1} (Z^ψ_1 | |x, T^ψ_1 ) ) 1_{{T} ψ_{1 ≤s1(x)}} ) (6) for s_1(.) as in Proposition 3.1. Moreover, J^{ψ,τ}_n (x) = J^v (φ, J^{ψ′,τ ′}_{n−1} (. | |x, .))(s_1(x), x) if s_1(x) < t_∗(x) K^v(J^{ψ′,τ ′}_{n−1} (. | |x, .))(x) if s1(x) ≥ t^∗(x) (7) where v(.) = ζ_1(x, .) ∈ V (x).

Proof. From the representation theorem for F^ψ_t -stopping times in Proposition 3.1, we have that for some measurable function s_1(.) : E → [0, ∞], τ ∧ T^ψ_1 = s_1(Z_0) ∧ T^ψ_1 .

Using this property in (4) and noticing that E^ψ_x (( ∫_{τ ∧T} ψ_n T ψ1 e^{−αs}f^ψ (X^ψ_s )ds + ∫_{τ ∧T} ψ_n T ψ1 e^{−αs}r^ψ(X^ψ_s- )dp^{ψ∗}(s) +

e^{−ατ ∧T ψn} φ(X^ψ_{τ ∧T ψn} ) ) 1_{{T} ψ_{1 ≤s1(x)}} ) = E^ψ_x ( e^{−αT ψ1} J^{ψ′,τ ′}_{n−1} (Z^ψ_1 | |x, T^ψ_1 )1_{{T} ψ_{1 ≤s1(x)}} )

we deduce (6). By direct calculation we obtain (7).

4 Auxiliary Results

In this section we shall obtain some continuity results related to the operators presented in subsection 3.3. The proofs of the propositions below are presented in the Appendix.

For x ∈ E, 0 ≤ t < t^∗(x), set the operator q^x_t (., .) : V (x) × V_t(x) → V (x) as, for v ∈ V (x), w ∈ V_t(x), q^x_t (v, w)(s) = { v(s) , s < t w(s) , s ≥ t . Clearly q^x_t (v, w) ∈ V (x) since q^x_t (v, w)(ϕ(., x)) : I_0(x) → Uis measurable and for each s ∈ I_0(x), q^x_t (v, w)(s) ∈ U(ϕ(s, x)). For simplicity we shall drop the superscript x of q^x_t . For h_2 ∈ B (E), h_1 ∈ B^c (E), and t ∈ [0, t^∗(x)), v ∈ V (x), let us define M^v (h_1, h_2)(t, x) = inf_{w∈Vt(x)} ({ inf t≤s<t∗(x) J^{qt(v,w)}(h_1, h_2)(s, x) } ∧ K^{qt(v,w)}(h_2)(x) ) . which can be easily seen to be a non-decreasing function in t. The following results are proved in the Appendix.

Proposition 4.1. For h_2 ∈ B(E), h_1 ∈ B^c (E) and any v ∈ V (x), t ∈ [0, t^∗(x)),

L(h_1, h_2)(ϕ(t, x)) = { M^v (h_1, h_2)(t, x) − ∫_t 0 ( e^{−αs−Λv (s,x)} ( f^v (ϕ(s, x))

+ λ^v(ϕ(s, x))Q^vh_2(ϕ(s, x)) )) ds } e^{αt+Λv(t,x)}. (8) Proposition 4.2. For h_2 ∈ B (E), h_1 ∈ B^c (E), and 0 ≤ t < s, s ∈ I_0(x), let v_t, v_s ∈ V (x) be such that v_t(ℓ) = v_s(ℓ) for ℓ ∈ [0, t) ∪ I_s(x). Then for any ν ∈ [s, t^∗(x)), | J^{vt} (h_1, h_2)(ν, x) − J^{vs} (h_1, h_2)(ν, x) | ≤ c(s − t) | |K^vt (h_2)(x) − K^vs (h_2)(x) | | ≤ c(s − t). where c = { ‖f‖ + ‖λ‖ ‖h_2‖ }{ 2 + 1 α ‖λ‖ } + 2 ‖λ‖ max{‖r‖ + ‖h_2‖ , ‖h_1‖}. Proposition 4.3. For h_2 ∈ B (E), h_1 ∈ B^c (E), consider 0 ≤ t_i < s_i < t^∗(x) and an arbitrary ζ > 0. Then we can find t̄_i such that 0 ≤ t_i ≤ t̄_i ≤ s_i < t^∗(x) and that

0 ≤ M^v (h_1, h_2)(s_i, x) − M^v(h_1, h_2)(t_i, x) ≤ | |J^v (h1, h2)(si, x) − J^v (h1, h2)(t̄i, x) | |+ c(s_i − t_i) + ζ. (9)

Proposition 4.4. For any h_2 ∈ B(E), h_1 ∈ B^c (E), the function L(h_1, h_2)(.) belongs to B^c (E).

Proposition 4.5. Consider any h_2 ∈ B(E), h_1 ∈ B^{ac} (E). Then M^v (h_1, h_2)(., x) is absolutely continuous in [0, t^∗(x)).

The next Theorem establishes the connection between the first jump operator and the variational inequalities.

Theorem 4.1. Consider any h_2 ∈ B (E), h_1 ∈ B^{ac} (E). Then h = L(h_1, h_2) if and only if h ∈

B^{ac} (E) and satisfies, for each x ∈ E,

a) h(x) ≤ h_1(x) b) X h(x) − αh(x) + min_{a∈U (x)}{f(x, a) − λ(x, a) ∫ E (h(x) − h_2(y))Q^a(dy; x, a)} ≥ 0 c) ( h_1(x) − h(x) )( X h(x) − αh(x) + min_{a∈U (x)}{f(x, a) − λ(x, a) ∫ E (h(x) − h_2(y))Q(dy; x, a)} ) = 0 and for z ∈ ∂^∗E d) h(z) = h_1(z) ∧ min_{a∈U (z)}{r(z, a) + Qh_2(z, a)}.

Proof. (⇒) Since, from (8) in Proposition 4.1

L(h_1, h_2)(ϕ(t, x)) = { M^v (h_1, h_2)(t, x) − ∫_t 0 e^{−αs−Λv (s,x)}(f^v(ϕ(s, x))

+ λ^v(ϕ(s, x))Q^vh_2(ϕ(s, x)))ds } e^{αt+Λv(t,x)} we conclude from Proposition 4.5 that L(h_1, h_2)(ϕ(t, x)) is absolutely continuous. From the above equation, ∫_t 0 e^{−αs−Λv (s,x)}(f^v (ϕ(s, x)) + λ^v(ϕ(s, x))Q^vh_2(ϕ(s, x)))ds + e^{−αt−Λv(t,x)}L(h_1, h_2)(ϕ(t, x)) = M^v(h_1, h_2)(t, x). (10) With v(0) = a ∈ U(x), we get from (10) that f(x, a) + λ(x, a)Q(h_2)(x, a) − (α + λ(x, a))L(h_1, h_2)(x) + X L(h_1, h_2)(x) = X M^v (h_1, h_2)(0, x) ≥ 0

since M^v (h_1, h_2)(t, x) is non-decreasing in t. This shows that b) of the Theorem holds, since that a was arbitrary in U(x), and the minimum comes from the Remark 2.1. Clearly we have L(h_1, h_2)(x) ≤ h_1(x) showing a) of the Theorem. Let us suppose now that L(h_1, h_2)(x) < h_1(x).

Then we must have that for all ν sufficiently small, 0 < ν < t^∗(x), L(h_1, h_2)(x) = inf_{v∈V (x)}M^v(h_1, h_2)(ν, x),

and from equation (10) inf v∈V (x) (∫_ν 0 e^{−αs−Λv (s,x)}(f^v(ϕ(s, x)) + λ^v(ϕ(s, x))Q^vh_2(ϕ(s, x)))ds + e^{−αν−Λv (ν,x)}L(h_1, h_2)(ϕ(ν, x)) ) = L(h_1, h_2)(x).

Since L(h_1, h_2)(x) is absolutely continuous, L(h_1, h_2)(ϕ(ν, x)) = L(h_1, h_2)(x) + ∫_ν 0 X L(h_1, h_2)(ϕ(s, x))ds and thus, 0 = inf_{v∈V (x)} ( 1 ν ∫_ν 0 e^{−αs−Λv (s,x)}(f^v(ϕ(s, x)) + λ^v(ϕ(s, x))Q^vh_2(ϕ(s, x)))ds − (α + 1 ν ∫_ν 0 λ^v(ϕ(s, x))ds)L(h_1, h_2)(ϕ(ν, x)) + 1 ν ∫_ν 0 X L(h_1, h_2)(ϕ(s, x))ds + o(ν) ) where o(ν) are terms going to zero as ν goes to zero uniformly in v ∈ V (x). From standards arguments in dynamic programming (see, for instance, Theorem 6.1^′ in [9], page 19), we get, by taking the limit as ν goes to zero, and using Remark 2.1, that 0 = min_{a∈U (x)}{f(x, a) − λ(x, a) ∫ E (L(h_1, h_2)(x) − h_2(y))Q(dy; x, a)} − αL(h_1, h_2)(x) + X L(h_1, h_2)(x).

Finally as in the proof of Proposition 4.4, we get that lim_{t↑t}∗_{(x)}L(h_1, h_2)(ϕ(t, x)) = h_1(z) ∧ min_{a∈U (z)}{r(z, a) + Qh_2(z, a)} where z = ϕ(t^∗(x), x).

(⇐) Consider h ∈ B^{ac} (E) satisfying a), b), c) and d). From Remark 2.1, there exists a measurable selector u^∗ ∈ U such that for each x ∈ E, z ∈ ∂^∗E f^{u∗} (x) − λ^{u∗} (x) ∫ E (h(x) − h_2(y))Q^{u∗}(dy; x) = min_{a∈U (x)}{f(x, a) − λ(x, a) ∫ E (h(x) − h_2(y))Q(dy; x, a)} r^{u∗} (z) + Q^{u∗} h_2(z) = min_{a∈U (z)}{r(z, a) + Qh_2(z, a)}. (11) From the fact that h(y) ≤ h_1(y) for all y ∈ E, from continuity along trajectories of h(ϕ(., x)), h_1(ϕ(., x)), and the existence of the limit as t ↑ t^∗(x) (whenever t^∗(x) < ∞), we have that one of the three possibilities below holds: i) h(ϕ(t, x)) < h_1(ϕ(t, x)) for all t ∈ I_0(x) ii) h(x) = h_1(x) iii) for some ν ∈ I_0(x), we have for all t ∈ [0, ν) that h(ϕ(t, x)) < h_1(ϕ(t, x)), h(ϕ(ν, x)) = h_1(ϕ(ν, x)). (12) Suppose that i) holds. For the case in which t^∗(x) < ∞ , we have from d) that h(ϕ(t^∗(x), x)) = r^{u∗} (ϕ(t^∗(x), x)) + Q^{u∗} h_2(ϕ(t^∗(x), x)). (13) From c) of the Theorem, for all s ∈ [0, t^∗(x)), X h(ϕ(s, x), x) − (α + λ^{u∗} (ϕ(s, x)))h(ϕ(s, x)) + f^{u∗} (ϕ(s, x)) + λ^{u∗} (ϕ(s, x))Q^{u∗}h_2(ϕ(s, x)) = 0

that is, X (e^{−αs−Λu∗ (s,ϕ(s,x))}h(ϕ(s, x))) + e^{−αs−Λu∗ (s,ϕ(s,x))}(f^{u∗} (ϕ(s, x)) + λ^{u∗} (ϕ(s, x))Q^{u∗}h_2(ϕ(s, x))) = 0. (14) Taking the integral in (14) over s, from 0 to t^∗(x), and using (13) if t^∗(x) < ∞, we get that h(x) = K^{v(u∗)}(h_2)(x).

On the other hand, for any v ∈ V (x) and s ∈ [0, t^∗(x)), we have from b) that, X (e^{−αs−Λv (s,ϕ(s,x))}h(ϕ(s, x), x)) + e^{−αs−Λv (s,ϕ(s,x))}(f^v(ϕ(s, x)) + λ^v(ϕ(s, x))Q^vh_2(ϕ(s, x))) ≥ 0. (15)

Taking the integral in (15) over s, from 0 to t < t^∗(x), and from the fact that h(ϕ(t, x)) < h_1(ϕ(t, x)), h(ϕ(t^∗(x), x)) ≤ (r^v(ϕ(t^∗(x), x)) + Q^vh_2(ϕ(t^∗(x), x)) (from d) of the Theorem) if t^∗(x) < ∞, we obtain that h(x) < J^v (h_1, h_2)(t, x), h(x) ≤ K^v(h_2)(x) and thus h(x) = L(h_1, h_2)(x) = K^{v(u∗)}(h_2)(x).

Suppose now that iii) holds. Then from c) again and for all s ∈ [0, ν), we have that (14) holds. Taking the integral over s from 0 to ν, and recalling that h(ϕ(ν, x)) = h_1(ϕ(ν, x)), we obtain that h(x) = J^{v(u∗)}(h_1, h_2)(ν, x).

On the other hand, for any v ∈ V (x) and s ∈ [0, t^∗(x)), we have from b) that (15) holds. Recalling from a) that h(ϕ(t, x)) ≤ h_1(ϕ(t, x)) for all t ∈ [0, t^∗(x)), and from d) for the case t^∗(x) < ∞, that h(ϕ(t^∗(x), x)) ≤ (r^v(ϕ(t^∗(x), x)) + Q^vh_2(ϕ(t^∗(x), x)), we obtain that h(x) ≤ J^v (h_1, h_2)(t, x), h(x) ≤ K^v(h_2)(x), and thus h(x) = L(h_1, h_2)(x) = J^{v(u∗ )}(h_1, h_2)(ν, x). (16) Finally notice that ii) is a particular case of the situation considered above, when ν = 0.

An immediate consequence of the above Theorem is the following Corollary. Corollary 4.1. Under the conditions of Theorem 4.1 and u^∗ ∈ U as defined in (11), one of the three possibilities below hold:

i) h(ϕ(t, x)) < h_1(ϕ(t, x)) for all t ∈ I_0(x);

in this case h(x) = K^{v(u∗)}(h_2)(x) = inf_{v∈V (x)}K^v(h_2)(x) ≤ inf_{v∈V (x)}J^v_0 (h_1, h_2)(x). ii) h(x) = h_1(x) iii) for some ν ∈ I_0(x), we have

h(ϕ(t, x)) < h_1(ϕ(t, x)) for all t ∈ [0, ν), and h(ϕ(ν, x)) = h_1(ϕ(ν, x)); in this case h(x) = J^{v(u∗)}(h_1, h_2)(ν, x) = inf_{v∈V (x)}J^v_0 (h_1, h_2)(x) ≤ inf_{v∈V (x)}K^v (h_2)(x).

Proof. Immediate from equations (11)-(16).

5 Main Results

In this section we shall present the main result of the paper, showing that the value function ρ(x) of the optimal stopping with continuous control problem posed in (3) can be uniquely characterized as the fixed point of the fist jump operator L(φ, .) in B^{ac} (E) or, equivalently, as the unique solution

in B^{ac} (E) of a set of variational inequalities. As a by-product, we also derive an ϵ-optimal solution

for the problem.

We start by considering the truncated problem (4). Theorem 5.1 shows that the truncated value function ρ_n(x) can be obtained from iterations of the first jump operator L(φ, .). Theorem 5.2 then follows by taking the appropriate limit as n → ∞.

The results of this section follow the ideas presented in [11]. For n = 1, 2, . . ., define the functions ϑ_{n+1} = L(φ, ϑ_n), ϑ_0 = φ.

From Theorem 4.1, we know that for each n, ϑ_n ∈ B^{ac} (E) (recall from Section 2, condition f) that φ ∈ B^{ac} (E)). Moreover as shown in the next Proposition, {ϑ_n}_n is a sequence of monotone decreasing functions in B^{ac} (E).

Proposition 5.1. For each n = 1, 2, . . . and x ∈ E, ϑ_n(x) ≤ ϑ_{n−1}(x). Proof. For n = 1, ϑ_1 = L(φ, φ) ≤ φ. Suppose now that ϑ_n ≤ ϑ_{n−1}. Then ϑ_{n+1} = L(φ, ϑ_n) ≤ L(φ, ϑ_{n−1}) = ϑ_n

For each n = 1, 2, . . ., define ξ_n ∈ U such that for each x ∈ E, z ∈ ∂^∗E f^{ξn} (x) − λ^{ξn}(x) ∫ E (ϑ_n(x) − ϑ_{n−1}(y))Q^{ξn}(dy; x) = min_{a∈U (x)}{f(x, a) − λ(x, a) ∫ E (ϑ_n(x) − ϑ_{n−1}(y))Q(dy; x, a)} r^{ξn} (z) + Q^{ξn} ϑ_{n−1}(z) = min_{a∈U (z)}{r(z, a) + Qϑ_{n−1}(z, a)}. (17) As seen in Remark 2.1, such a choice is always possible. Set ψ_n = (ξ_n, ξ_{n−1}, . . . , ξ_1, u, u, . . .) ∈ Ψ, where we pick up an arbitrary u ∈ U. For arbitrary ϵ > 0, set for n = 1, 2, . . .,

s_{n−1,ϵ}(x) = t^∗(x) if K^{v(ξn)}(ϑ_{n−1})(x) ≤ J^{v(ξn)}_0 (φ, ϑ_{n−1})(x) inf { 0 ≤ s < t^∗(x); J^{v(ξn)}(φ, ϑ_{n−1})(s, x) ≤ J^{v(ξn)}_0 (φ, ϑ_{n−1})(x) + ϵ } if J^{v(ξn)}_0 (φ, ϑ_{n−1})(x) < K^{v(ξn)}(ϑ_{n−1})(x) (18) and S_{1,ϵ} = s_{o,ϵ}(X_0) ∧ T^{ψ1}_1 S_{n+1,2ϵ} = { s_{n,ϵ}(X_0) ∧ T^{ψn+1}_1 if T^{ψn+1}_1 > s_{n,ϵ}(X_0) T^{ψn+1}_1 + θ(T^{ψn+1}_1 )S_{n,ϵ} if T^{ψn+1}_1 ≤ s_{n,ϵ}(X_0)

(19)

where θ(T^{ψn+1}_1 )S_{n,ϵ} indicates that we are considering the stopping time S_{n,ϵ} for the Markov process {X^{ψn}_t } starting at the point Z^{ψn+1}_1 .

Theorem 5.1. For any x ∈ E, ϵ > 0, n = 1, 2, . . . , we have that a) ϑ_n(x) ≤ ρ_n(x) b) J^{ψn,Sn,ϵ} n (x) ≤ ϑ_n(x) + ϵ (20)

Proof. First of all notice from the definitions (17)-(19) that, according to the notation and results of sub-section 3.3, ψ^′_{n+1} = ψ_n, S^′_{n+1,2ϵ} = S_{n,ϵ}, and since there is no dependence of ψ^′_{n+1}, S^′_{n+1,2ϵ} on X_0, T^{ψn+1}_1 , we have that, J^{ψn,Sn,ϵ} n ( Z^{ψn+1}_1 | |x, T^{ψn+1}_1 ) = J^{ψn,Sn,ϵ} n ( Z^{ψn+1}_1 ) . From (7), and (18), (19), we have for n = 0, 1, . . . J^{ψn+1,Sn+1,2ϵ} n+1 (x) = { J^{v(ξn+1)}(φ, J^{ψn,Sn,ϵ}_n )(s_{n,ϵ}(x), x) if s_{n,ϵ}(x) < t^∗(x) K^{v(ξn+1)}(J^{ψn,Sn,ϵ} n )(x) if s_{n,ϵ}(x) = t^∗(x)

(21)

where J^{ψ,τ}_0 = φ. Let us show that a) and b) hold by using induction in n. For n = 1,it is easy to see from (7) and J^{ψ,τ}_0 = φ that J^{ψ,τ}_1 (x) ≥ L(φ, φ)(x) = ϑ_1(x), for arbitrary ψ ∈ Ψ, τ ∈ M^ψ showing a) for n = 1. For b), let us suppose first that condition i) in Corollary 4.1 holds with h_1 = h_2 = φ, and thus ϑ_1(x) = K^{v(ξ1)}(φ)(x) = inf_{v∈V (x)}K^v(φ)(x) ≤ inf_{v∈V (x)}J^v_0 (φ, φ)(x) ≤ J^{v(ξ1)}_0 (φ, φ)(x), and from the definition (18), s_{0,ϵ}(x) = t^∗(x). From (21) for n = 0, we obtain that J^{ψ1,S1,ϵ} 1 (x) = K^{v(ξ1)}(φ)(x) = ϑ_1(x), (22) and therefore b) holds. If conditions ii) or iii) of Corollary 4.1 holds then for some ν ∈ I_0(x), we have ϑ_1(x) = J^{v(ξ1)}(φ, φ)(ν, x) = inf_{v∈V (x)}J^v_0 (φ, φ)(x) = J^{v(ξ1)}_0 (φ, φ)(x) ≤ inf_{v∈V (x)}K^v (h_2)(x) ≤ K^{v(ξ1)}(φ)(x).

If we have J^{v(ξ1)}(φ, φ)(ν, x) = K^{v(ξ1)}(φ)(x), then (22) holds and therefore we have b). If J^{v(ξ1)}(φ, φ)(ν, x) < K^{v(ξ1)}(φ)(x) then since J^{v(ξ1)}(φ, φ)(ν, x) < J^{v(ξ1)}_0 (φ, φ)(x) + ϵ, it is clear from the definition of s_{0,ϵ}(x) that 0 ≤ s_{0,ϵ}(x) < ν if ν > 0, s_{0,ϵ}(x) = 0 if ν = 0. In both cases, 0 ≤ s_{0,ϵ}(x) < t^∗(x), and from equation (21) and the definition of s_{0,ϵ}(x), J^{ψ1,S1,ϵ} 1 (x) = J^{v(ξ1)}(φ, φ)(s_{0,ϵ}(x), x) ≤ J^{v(ξ1)}_0 (φ, φ)(x) + ϵ = ϑ_1(x) + ϵ completing the induction argument for n = 1.

Suppose now that a) and b) holds for n. For arbitrary ψ ∈ Ψ, τ ∈ M^ψ, we have from a), the induction hypothesis for n (so that J^{ψ′,τ ′}_n (Z^{ψn+1}_1 | |x, T^{ψn+1}_1 ) ≥ ϑn(Z^{ψn+1}_1 )), and (7), that

J^{ψ,τ}_{n+1}(x) ≥ L(φ, ϑ_n)(x) = ϑ_{n+1}(x) showing a) for n + 1. Suppose that b) holds for n, and consider first that condition i) in Corollary 4.1 is true with h_1 = φ, h_2 = ϑ_n, so that

ϑ_{n+1}(x) = K^{v(ξn+1)}(ϑ_n)(x) = inf_{v∈V (x)}K^v(ϑ_n)(x) ≤ inf_{v∈V (x)}J^v_0 (φ, ϑ_n)(x) ≤ J^{v(ξn+1)}_0 (φ, ϑ_n)(x).

From the definition (18), s_{n,ϵ}(x) = t^∗(x). From (21) for n + 1, using the induction hypothesis J^{ψn,Sn,ϵ} n (y) ≤ ϑ_n(y) + ϵ for all y ∈ E, and noticing that K^{v(ξn+1)}(ϑ_n + ϵ)(x) ≤ K^{v(ξn+1)}(ϑ_n)(x) + ϵ, we obtain that J^{ψn+1,Sn+1,2ϵ} n+1 (x) = K^{v(ξn+1)}(J^{ψn,Sn,ϵ}n )(x) ≤ K^{v(ξn+1)}(ϑ_n + ϵ)(x) ≤ K^{v(ξn+1)}(ϑ_n)(x) + ϵ = ϑ_{n+1}(x) + ϵ (23) and therefore b) holds. If conditions ii) or iii) of Corollary 4.1 holds then for some ν ∈ I_0(x), we have that ϑ_{n+1}(x) = J^{v(ξn+1)}(φ, ϑ_n)(ν, x) = inf_{v∈V (x)}J^v_0 (φ, ϑ_n)(x)

= J^{v(ξn+1)} 0 (φ, ϑ_n)(x) ≤ inf_{v∈V (x)}K^v(ϑ_n)(x) ≤ K^{v(ξ1)}(ϑ_n)(x). If we have J^{v(ξn+1)}(φ, ϑ_n)(ν, x) = K^{v(ξn+1)}(ϑ_n)(x), then (23) holds and therefore we have b) . If J^{v(ξn+1)}(φ, ϑ_n)(ν, x) < K^{v(ξn+1)}(ϑ_n)(x) then since J^{v(ξn+1)}(φ, ϑ_n)(ν, x) < J^{v(ξn+1)}_0 (φ, ϑ_n)(x) + ϵ, it is clear from the definition of s_{n,ϵ}(x) that 0 ≤ s_{n,ϵ}(x) < ν if ν > 0, s_{n,ϵ}(x) = 0 if ν = 0. In both cases, 0 ≤ s_{n,ϵ}(x) < t^∗(x), and from equation (21), the definition of s_{n,ϵ}(x), and the fact that J^{v(ξn+1)}(φ, ϑ_n + ϵ) ≤ J^{v(ξn+1)}(φ, ϑ_n) + ϵ, J^{ψn+1,Sn+1,2ϵ} n+1 (x) = J^{v(ξn+1)}(φ, J^{ψn,Sn,ϵ}_n )(s_{n,ϵ}(x), x) ≤ J^{v(ξn+1)}(φ, ϑ_n + ϵ)(s_{n,ϵ}(x), x) ≤ J^{v(ξn+1)}(φ, ϑ_n)(s_{n,ϵ}(x), x) + ϵ ≤ J^{v(ξn+1)} 0 (φ, ϑ_n)(x) + 2ϵ = ϑ_{n+1}(x) + 2ϵ completing the induction argument for n + 1.

From a) and b) of Theorem 5.1, it is immediate that for n = 0, 1, . . . ϑ_n(x) = ρ_n(x), and thus (see subsection 3.1 for definition of d_1) ‖ϑ_n‖ = ‖ρ_n‖ ≤ ‖f‖ α + ‖φ‖ + d_1. Therefore the monotone decreasing sequence of functions ϑ_n(.) converges to a function ϑ ∈ B (E). We have the following result.

Proposition 5.2. ϑ ∈ B^{ac} (E) and satisfies ϑ(x) = L(φ, ϑ)(x) for all x ∈ E.

Proof. From the monotone convergence Theorem, ϑ(x) = inf_n ϑ(x) = inf_{v∈V (x)} ( inf 0≤t<t∗(x) inf_n J^v (φ, ϑ_n)(t, x) ) ∧ inf_{v∈V (x)} ( inf_n K^v (ϑ_n)(x) )

= inf_{v∈V (x)} ( inf 0≤t<t∗(x) J^v (φ, ϑ)(t, x) ) ∧ inf_{v∈V (x)} ( K^v(ϑ)(x) ) = L(φ, ϑ)(x). From Proposition 4.4, we have that ϑ ∈ B^{ac} (E).

Consider u^∗ ∈ U such that for each x ∈ E f^{u∗} (x) − λ^{u∗} (x) ∫ E (ϑ(x) − ϑ(y))Q^{u∗}(dy; x) = min_{a∈U (x)}{f(x, a) − λ(x, a) ∫ E (ϑ(x) − ϑ(y))Q(dy; x, a)} r^{u∗} (z) + Q^{u∗} ϑ(z) = min_{a∈U (z)}{r(z, a) + Qϑ(z, a)} (24) As seen in Remark 2.1, such a choice is always possible to be made. In terms of the infinitesimal operator defined in sub-section 3.2, we have X ϑ(x) − αϑ(x) + min_{a∈U (x)}{f(x, a) − λ(x, a) ∫ E (ϑ(x) − ϑ(y))Q(dy; x, a)} = A^{u∗} ϑ(x) − αϑ(x) + f^{u∗} (x). (25) For arbitrary ϵ > 0, set τ_ϵ = inf{t ≥ 0; e^{−αt}φ(X^{u∗}_t ) ≤ e^{−αt}ϑ(X^{u∗}_t ) + ϵ} ∈ M^{u∗} . (26) From boundedness of φ, ϑ, it follows that τ_ϵ < ∞ w.p.1. Proposition 5.3. For all x ∈ E, ϑ(x) = E^{u∗}_x (∫ τ_ϵ 0 e^{−αs}f^{u∗} (X^{u∗}_s )ds + ∫_{τϵ} 0 e^{−αs}r^{u∗} (X^{u∗}_s− )dp^{u∗∗}(s) + e^{−ατϵ} ϑ(X^{u∗}_{τϵ} ) ) . (27) Proof. Let us write W_n(x) = E^{u∗}_x ( ∫ τ_ϵ∧T^{u∗}_n 0 e^{−αs}f^{u∗} (X^{u∗}_s )ds + ∫_{τϵ∧T} u^∗_n 0 e^{−αs}r^{u∗} (X^{u∗}_s− )dp^{u∗∗}(s) + e^{−ατϵ∧T u∗n} ϑ(X^{u∗}_{τϵ∧T u}∗_n ) ) . (28) We want to show first that for each n = 0, 1, . . . ϑ(x) = W_n(x). (29) Using the same arguments as those in equation (6) of Proposition 3.2, we have that W_n(x) = E^{u∗}_x ((∫_{sϵ(x)} 0 e^{−αs}f^{u∗} (ϕ(s, x))ds + e^{−αsϵ(x)}φ(ϕ(s_ϵ(x), x)) ) 1_{{T} u∗_{1 >sϵ(x)}} + (∫_T u^∗_1 0 e^{−αs}f^ψ (ϕ(s, x))ds + ∫_T u^∗_1 0 e^{−αs}r^ψ(ϕ(s^−, x))dp^{u∗∗}(s) + e^{−αT u∗1} W_{n−1}(Z^{u∗}_1 ) ) 1_{{T} u∗_{1 ≤sϵ(x)}} ) (30)

where, from the representation theorem for F^{u∗}_t -stopping times we have that, τ_ϵ ∧ T^{u∗}_1 = s_ϵ(X_0) ∧ T^{u∗}_1 and, from (26), the measurable function s_ϵ(.) : E → [0, ∞] is defined as s_ϵ(x) = inf{0 ≤ t ≤ t^∗(x); e^{−αt}φ(ϕ(t, x)) ≤ e^{−αt}ϑ(ϕ(t, x)) + ϵ}. (31) From (31) it is immediate to see that, if s_ϵ(x) = t^∗(x), then for 0 ≤ t < t^∗(x), e^{−αt}φ(ϕ(t, x)) > e^{−αt}ϑ(ϕ(t, x)) + ϵ > e^{−αt}ϑ(ϕ(t, x)), (32) that is, for all t ∈ I_0(x), φ(ϕ(t, x)) > ϑ(ϕ(t, x)) (33) and in this case, from the same arguments as in equation (14), we get that ϑ(x) = K^{v(u∗)}(ϑ)(x). (34) Similarly, if 0 < s_ϵ(x) < t^∗(x), then for all 0 ≤ t < s_ϵ(x), (32) and (33) are satisfied, and from the same arguments as in equations (14) to (16), ϑ(x) = L^{v(u∗)}(φ, ϑ)(s_ϵ(x), x). (35) If s_ϵ(x) = 0 it is obvious that (35) also holds. By direct calculation of (30) it follows that

W_n(x) = { J^{v(u∗)}(φ, W_{n−1})(s_ϵ(x), x) if s_ϵ(x) < t^∗(x) K^{v(u∗)}(W_{n−1})(x) if s_ϵ(x) = t^∗(x)

(36)

where W_0 = ϑ. Let us show by induction in n that (29) holds. For n = 1, it is immediate from (34), (35) and (36) that (29) holds. Similar suppose that (29) holds for n. Then from (36),

W_{n+1}(x) = { J^{v(u∗)}(φ, ϑ)(s_ϵ(x), x) if s_ϵ(x) < t^∗(x) K^{v(u∗)}(ϑ)(x) if s_ϵ(x) = t^∗(x)

(37)

and again from (34), (35) and (37) we have that (29) holds. Taking the limit as n → ∞ in (28), and using the bounded convergence theorem, we deduce from (29) that (27) holds, (since by the assumption in sub-section 3.2, T^{u∗}_n → ∞, w.p.1), completing the proof of the Proposition.

We can now prove the main result of the paper, which characterizes the value function ρ(x) as the unique fixed point of L(φ, .) in B^{ac} (E) or, equivalently, as the unique solution in B^{ac} (E) of a set of variational inequalities. Moreover, we also derive an ϵ-optimal solution for the problem. Theorem 5.2. The following assertions are equivalent: 1) There exists a unique solution ϑ in the class B^{ac} (E) to the system w(x) = L(φ, w)(x) for all x ∈ E.

2) There exists a unique solution ϱ in the class B^{ac} (E) to the system, 2.a) w(x) ≤ φ(x) 2.b) X w(x) − αw(x) + min_{a∈U (x)}{f(x, a) − λ(x, a) ∫ E (w(x) − w(y))Q(dy; x, a)} ≥ 0 2.c) ( φ(x) − w(x) )( X w(x) − αw(x) + min_{a∈U (x)}{f(x, a) − λ(x, a) ∫ E (w(x) − w(y))Q(dy; x, a)} ) = 0 for all x ∈ E, and 2.d) w(z) = φ(z) ∧ min_{a∈U (z)}{r(z, a) + Qw(z, a)} for z ∈ ∂^∗E.

Moreover, ρ(x) = ϱ(x) = ϑ(x) for all x ∈ E, and given any ϵ > 0, we have that J^{u∗,τϵ}(x) ≤ ρ(x) + ϵ (38) where u^∗ ∈ U is as defined in (24) and τ_ϵ ∈ M^{u∗} as in (26).

Proof. As seen in Proposition 5.2, there exists ϑ ∈ B^{ac} (E) which satisfies ϑ(x) = L(φ, ϑ)(x), and from Theorem 4.1, ϑ satisfies conditions 2.a), 2.b), 2.c) and 2.d). It is enough to show now that ϑ(x) = ρ(x) and that (38) is satisfied. From Theorem 5.1, for arbitrary ψ ∈ Ψ, τ ∈ M^ψ J^{ψ,τ}_n (x) ≥ ρ_n(x) = ϑ_n(x) ≥ ϑ(x). Taking the limit as n → ∞,we have from the bounded convergence theorem, and the fact that by hypothesis T^ψ_n → ∞ as n → ∞, that lim_{n→∞}J^{ψ,τ}_n (x) = J^{ψ,τ} (x) ≥ ϑ(x) (39) and from (39) is clear that ρ(x) ≥ ϑ(x). On the other hand, from (27) in Proposition 5.3, ϑ(x) = E^{u∗}_x (∫ τϵ 0 e^{−αs}f^{u∗} (X^{u∗}_s )ds + ∫_{τϵ} 0 e^{−αs}r^{u∗} (X^{u∗}_s− )dp^{u∗∗}(s) + e^{−ατϵ} ϑ(X^{u∗}_{τϵ} ) )

≥ E^{u∗}_x (∫ τϵ 0 e^{−αs}f^{u∗} (X^{u∗}_s )ds + ∫_{τϵ} 0 e^{−αs}r^{u∗} (X^{u∗}_s− )dp^{u∗∗}(s) + e^{−ατϵ} φ(X^{u∗}_{τϵ} ) ) − ϵ = J^{u∗,τϵ} (x) − ϵ ≥ ρ(x) − ϵ (40) where the last inequality follows from the definition (26) of τ_ϵ, right-continuity of {X^{u∗}_t }, and continuity along trajectories of the functions ϱ(.) and φ(.). Since ϵ is arbitrary, we get from (40) that ϑ(x) ≥ ρ(x) and, together with (39) we obtain that ϑ(x) = ρ(x). From (40) we get (38), completing the proof of the Theorem.

Appendix

Proof of Proposition 4.1: From the semigroup property of the flow ϕ(t, x) we have that ϕ(s, ϕ(t, x)) = ϕ(s + t, x), t^∗(ϕ(t, x)) = t^∗(x) − t. (41) For an arbitrary w^′ ∈ V (ϕ(t, x)), define w ∈ V_t(x) as w(s) = w^′(s − t), for t ≤ s, s ∈ I_0(x). (42) Then for any 0 ≤ s < t^∗(ϕ(t, x)) and v ∈ V (x) we have from (41) and (42) that Λ^{w′} (ℓ, ϕ(t, x)) = ∫_ℓ 0 λ(ϕ(ν, ϕ(t, x)), w^′(ν))dν = ∫_ℓ 0 λ(ϕ(ν + t, x), w^′(ν))dν = ∫_{ℓ+t} t λ(ϕ(ν, x), w(ν))dν = Λ^{qt(v,w)}(ℓ + t, x) − Λ^v(t, x), and J^{w′} (h_1, h_2)(s, ϕ(t, x)) = e^{αt+Λv(t,x)} (∫_{t+s} t e^{−αℓ−Λqt (v,w)(ℓ,x)}(f^{qt(v,w)}(ϕ(ℓ, x)) + λ^{qt(v,w)}(ϕ(ℓ, x))Q^{qt(v,w)}h_2(ϕ(ℓ, x)))dℓ + e^{−α(s+t)−Λqt(v,w)(s+t,x)}h_1(ϕ(s + t, x)) )

= e^{αt+Λv(t,x)} ( J^{qt(v,w)}(h_1, h_2)(s + t, x) − ∫_t 0 e^{−αℓ−Λv (ℓ,x)}(f^v(ϕ(ℓ, x)) + λ^v(ϕ(ℓ, x))Q^vh_2(ϕ(ℓ, x)))dℓ )

and similarly, K^{w′} (h_2)(ϕ(t, x)) =e^{αt+Λv(t,x)} ( K^{qt(v,w)}(h_2)(x) − ∫_t 0 e^{−αℓ−Λv (ℓ,x)}(f^v(ϕ(ℓ, x)) + λ^v(ϕ(ℓ, x))Q^vh_2(ϕ(ℓ, x)))dℓ ) . Therefore, L(h_1, h_2)(ϕ(t, x)) = inf_{w′∈V (ϕ(t,x))} ({ inf 0≤s<t∗(x)−t J^{w′} (h_1, h_2)(s, ϕ(t, x)) } ∧ K^{w′} (h_2)(ϕ(t, x)) )

= { inf w∈Vt(x) (( inf t≤s<t∗(x) J^{qt(v,w)}(h_1, h_2)(s, x) ) ∧ K^{qt(v,w)}(h_2)(x) ) − ∫_t 0 e^{−αℓ−Λv (ℓ,x)}(f^v(ϕ(ℓ, x)) + λ^v(ϕ(ℓ, x))Q^vh_2(ϕ(ℓ, x)))dℓ } e^{αt+Λv(t,x)} proving (8).

Proof of Proposition 4.2: For 0 ≤ t < s, s ∈ I_0(x), let v_t, v_s ∈ V (x) be such that v_t(ℓ) = v_s(ℓ) for ℓ ∈ [0, t) ∪ I_s(x). Then for any ν ∈ [t, t^∗(x)),

Λ^{vt} (ν, x) = ∫_ν 0 λ^{vt}(ϕ(ℓ, x))dℓ = ∫_t 0 λ^{vt} (ϕ(ℓ, x))dℓ + ∫_{s∧ν} t λ^{vt} (ϕ(ℓ, x))dℓ + ∫_ν s∧ν λ^{vt} (ϕ(ℓ, x))dℓ ≤ ∫_t 0 λ^{vs}(ϕ(ℓ, x))dℓ + ∫_{s∧ν} t λ^{vs}(ϕ(ℓ, x))dℓ + ∫_ν s∧ν λ^{vs} (ϕ(ℓ, x))dℓ + ∫_{s∧ν} t | λ^{vs} (ϕ(ℓ, x)) − λ^{vt} (ϕ(ℓ, x)) | dℓ ≤ Λ^{vs} (ν, x) + 2 ‖λ‖ (s − t) and similarly Λ^{vs} (ν, x) ≤ Λ^{vt} (ν, x) + 2 ‖λ‖ (s − t), which shows that | Λ^{vt} (ν, x) − Λ^{vs}(ν, x) | ≤ 2 ‖λ‖ (s − t). From this, we conclude that e^{−Λvt (ν,x)} − e^{−Λvs (ν,x)} ≤ e^{−Λvt (ν,x)} − e^{−Λvt (ν,x)}e^{−2‖λ‖(s−t)} = e^{−Λvt (ν,x)}(1 − e^{−2‖λ‖(s−t)}) ≤ (1 − e^{−2‖λ‖(s−t)}) ≤ 2 ‖λ‖ (s − t) and similarly, e^{−Λvs (ν,x)} − e^{−Λvt (ν,x)} ≤ 2 ‖λ‖ (s − t), showing that | e^{−Λvs (ν,x)} − e^{−Λvt (ν,x)} | ≤ 2 ‖λ‖ (s − t). We have now that

J^{vt} (h_1, h_2)(ν, x) − J^{vs} (h_1, h_2)(ν, x) = ∫_s t e^{−(αℓ+Λvt (ℓ,x))} ({ f^{vt} (ϕ(ℓ, x)) + λ^{vt} (ϕ(ℓ, x))Q^{vt}h_2(ϕ(ℓ, x)) } − { f^{vs} (ϕ(ℓ, x)) + λ^{vs} (ϕ(ℓ, x))Q^{vs}h_2(ϕ(ℓ, x)) }) dℓ + ∫_ν t { e^{−(αℓ+Λvt (ℓ,x))} − e^{−(αℓ+Λvs (ℓ,x))} }( f^{vs} (ϕ(ℓ, x)) + λ^{vs} (ϕ(ℓ, x))Q^{vs}h_2(ϕ(ℓ, x)) ) dℓ + e^{−αν} h_1(ϕ(ν, x))(e^{−Λvt(ν,x)} − e^{−Λvs (ν,x)}) ≤ 2(‖f‖ + ‖λ‖ ‖h_2‖)(s − t) + (‖f‖ + ‖λ‖ ‖h_2‖) ∫_ν t e^{−αℓ} | |e^{−Λvt (ℓ,x)} − e^{−Λvs (ℓ,x)} | |dℓ + ‖h_1‖ | e^{−Λvt (ν,x)} − e^{−Λvs (ν,x)} | ≤ ({ ‖f‖ + ‖λ‖ ‖h_2‖ }{ 2 + 1 α ‖λ‖ } + 2 ‖h_1‖ ‖λ‖ ) (s − t) ≤ c(s − t) and similarly,

J^{vs} (h_1, h_2)(ν, x) − J^{vt} (h_1, h_2)(ν, x) ≤ c(s − t)

showing that indeed, | |J^vt (h_1, h_2)(ν, x) − J^vs (h_1, h_2)(ν, x) | | ≤ c(s − t). By repeating the arguments above we get that | |K^vt (h_2)(x) − K^vs (h_2)(x) | | ≤ c(s − t) completing the proof of the Proposition.

Proof of Proposition 4.3: We have two possibilities:

A)M^v (h_1, h_2)(t_i, x) < M^v(h_1, h_2)(s_i, x) or B) M^v(h_1, h_2)(t_i, x) = M^v (h_1, h_2)(s_i, x).

The result is clearly true if B) holds, by making t̄_i = s_i. Let us suppose that A) holds, that is, M^v (h_1, h_2)(t_i, x) < M^v(h_1, h_2)(s_i, x). In this case we also have two possibilities:

A1) M^v(h_1, h_2)(t_i, x) = inf_{vt} i ∈Vti(x) ( inf ti≤s<t∗(x) J^{qti (v,vti )}(h_1, h_2)(s, x) )

or A2) M^v(h_1, h_2)(t_i, x) = inf_{vt} i ∈Vti(x) K^{qti (v,vti )}(h_2)(x).

Consider first A1). Then we can find v_{ti} ∈ V_{ti} (x) and t_i ≤ t̄^′_i < t^∗(x) such that

J^{qti (v,vti )}(h_1, h_2)(t̄^′_i, x) ≤ M^v (h_1, h_2)(t_i, x) + ζ.

Moreover, let v_{si} ∈ V_{si} (x) be defined as

v_{si} (ℓ) = v_{ti} (ℓ) for all ℓ ∈ I_{si} (x)

so that q_{si} (v, v_{si})(ℓ) = q_{ti} (v, v_{ti})(ℓ) for all ℓ /∈ [t_i, s_i). Indeed, q_{si} (v, v_{si})(ℓ) = v(ℓ) = q_{ti} (v, v_{ti})(ℓ) for ℓ ∈ [0, t_i), and q_{si} (v, v_{si} )(ℓ) = v_{ti} (ℓ) = q_{ti} (v, v_{ti})(ℓ) for ℓ ≥ s_i; for ℓ ∈ [t_i, s_i), q_{ti} (v, v_{ti})(ℓ) = v_{ti} (ℓ) and q_{si} (v, v_{si})(ℓ) = v(ℓ). We get that

M^v (h_1, h_2)(s_i, x) ≤ J^{qsi (v,vsi )}(h_1, h_2)(s̄_i, x)

where s̄_i = max{t̄^′_i, s_i}. Note that

J^{qsi (v,vsi )}(h_1, h_2)(s̄_i, x) − J^{qsi (v,vsi )}(h_1, h_2)(t̄^′_i, x) = J^v (h_1, h_2)(s̄_i, x) − J^v (h_1, h_2)(t̄^′_i, x)

(indeed, if t̄^′_i ≥ s_i then s̄_i = t̄^′_i and the above expression is zero; otherwise, s̄_i = s_i and q_{si} (v, v_{si})(ℓ) = v(ℓ) for ℓ ∈ [0, s_i) and ℓ ∈ [0, t̄^′_i)). Therefore, from Proposition 4.2, | |J_{qsi (v,vsi )}(h_1, h_2)(s̄_i, x) − J_{qti (v,vti )}(h_1, h_2)(t̄_{′i}, x) | | ≤ | |J^{qsi (v,vsi)}(h1, h2)(s̄i, x) − J^{qsi (v,vsi )}(h1, h2)(t̄^′_i, x) | |+ | |J^{qti (v,vti )}(h1, h2)(t̄^′_i, x) − J^{qsi (v,vsi )}(h1, h2)(t̄^′_i, x) | | = | |J^v (h1, h2)(s̄i, x) − J^v (h1, h2)(t̄^′_i, x) | |+ | |J^{qti (v,vti )}(h1, h2)(t̄^′_i, x) − J^{qsi (v,vsi )}(h1, h2)(t̄^′_i, x) | | ≤ | |J_v (h_1, h_2)(s̄_i, x) − J_v (h_1, h_2)(t̄_{′i}, x) | |+c(s_i − t_i). Defining t̄_i = min{t̄^′_i, s_i}, it follows that

0 ≤ M^v (h_1, h_2)(s_i, x) − M^v(h_1, h_2)(t_i, x) ≤ J^{qsi (v,vsi)}(h_1, h_2)(s̄_i, x) − J^{qti (v,vti )}(h_1, h_2)(t̄^′_i, x) + ζ ≤ | |J^v (h1, h2)(s̄i, x) − J^v (h1, h2)(t̄^′_i, x) | |+c(si − ti) + ζ ≤ | |J_v (h_1, h_2)(s_i, x) − J_v (h_1, h_2)(t̄_i, x) | |+c(s_i − t_i) + ζ. Similarly, if A2) holds, then by the same arguments as before, we can find v_{ti} ∈ V_{ti}(x) such that

K^{qti(v,vti )}(h_2)(x) ≤ M^v(h_1, h_2)(t_i, x) + ζ

and defining v_{si} ∈ V_{si} (x) as before, we get from Proposition 4.2 that K^{qti (v,vti )}(h_2)(x) − K^{qsi(v,vsi )}(h_2)(x) ≤ c(s_i − t_i).

Since

M^v(h_1, h_2)(s_i, x) ≤ K^{qsi (v,vsi )}(h_2)(x)

we get that

0 ≤ M^v(h_1, h_2)(s_i, x) − M^v (h_1, h_2)(t_i, x) ≤ K^{qsi(v,vsi )}(h_2)(x) − K^{qti (v,vti )}(h_2)(x) + ζ ≤ c(s_i − t_i) + ζ. and the result holds by making t̄_i = s_i. This completes the proof of the Proposition.

Proof of Proposition 4.4: Consider v ∈ V (x) and t ∈ [0, t^∗(x)). Given ϵ > 0, take 0 < δ <^ϵ_{3c} , such that | |J^v (h1,h2)(t, x) − J^v (h1,h2)(s, x) | | < ϵ 6 whenever | |t − s | | < δ and s ∈ [0, t^∗(x)). Note that such δ exists from the fact that J^v (., x) is continuous in [0, t^∗(x)). We want to show first that

0 ≤ M^v(h_1, h_2)(s_i, x) − M^v(h_1, h_2)(t_i, x)) = | |M^v (h1, h2)(t, x) − M^v(h1, h2)(s, x) | | < ϵ, where s_i = max{t, s} and t_i = min{t, s}. Choose in Proposition 4.3, ζ =^ϵ_3 . Then for some t̄_i such that 0 ≤ t_i ≤ t̄_i ≤ s_i < t^∗(x),

0 ≤ M^v (h_1, h_2)(s_i, x) − M^v(h_1, h_2)(t_i, x) ≤ | |J^v (h1,h2)(si, x) − J^v (h1,h2)(t̄i, x) | |+c(si − ti) + ϵ 3 ≤ | |J^v (h1,h2)(si, x) − J^v (h1,h2)(t, x) | |+ | |J^v (h1,h2)(t, x) − J^v (h1,h2)(t̄i, x) | |+c(si − ti) + ϵ 3 ≤ ϵ 3 + cδ + ϵ 3 ≤ ϵ. where the second inequality follows from the fact that 0 ≤ s_i − t = | |t − si | | ≤ | |t − s | | ≤ δ and that | |t̄i −t | | ≤ | |t−s | | ≤ δ. This shows continuity of M^v(h1, h2)(., x) in [0, t^∗(x)). From (8) in Proposition 4.1 we have continuity of L(h_1, h_2)(ϕ(., x)) in [0, t^∗(x)).From Proposition 4.2, | | | inf w∈Vt(x) { inf t≤s<t∗(x) J^{qt(v,w)}(h_1, h_2)(s, x) } − J^v (h_1, h_2)(t^∗(x), x) | | | ≤ inf w∈Vt(x) { inf t≤s<t∗(x) | |J^qt^{(v,w)}(h_1, h_2)(s, x) − J^v (h_1, h_2)(t^∗(x), x) | | }

≤ inf w∈Vt(x) { inf t≤s<t∗(x) | | |J^{qt(v,w)}(h^1, h^2)(s, x) − J^v (h^1, h^2)(s, x) | | | } + inf t≤s<t∗(x) | | |J^v (h^1, h^2)(s, x) − J^v (h^1, h^2)(t^∗(x), x) | | | ≤ c(t^∗(x) − t) + inf_{t≤s<t∗(x)} | |J^v (h_1, h_2)(s, x) − J^v (h_1, h_2)(t^∗(x), x) | | and since J^v (h_1, h_2)(t, x) → J^v (h_1, h_2)(t^∗(x), x) as t ↑ t^∗(x), we conclude from the above expression that inf w∈Vt(x) { inf t≤s<t∗(x) J^{qt(v,w)}(h_1, h_2)(s, x) } → J^v (h_1, h_2)(t^∗(x), x) as t ↑ t^∗(x).

Similarly, we can show that inf w∈Vt(x) { K^{qt(v,w)}(h_2)(x) } → K^v(h_2)(x) as t ↑ t^∗(x)

where v ∈ V (x) is such that, for z = ϕ(t^∗(x), x), r(z, v(z)) + Qh_2(z, v(z)) = min_{a∈U (z)}{r(z, a) + Qh_2(z, a)}. By taking the limit as t → t^∗(x) in (8), we finally get from the above equations that lim_{t↑t}∗_{(x)}L(h_1, h_2)(ϕ(t, x)) = h_1(z) ∧ min_{a∈U (z)}{r(z, a) + Qh_2(z, a)} completing the proof of the Proposition.

Proof of Proposition 4.5: Consider v ∈ V (x) arbitrary. We want to show that M^v(h_1, h_2)(., x) is absolutely continuous in [0, t^∗(x)), that is (see [14]), given any ϵ > 0, we can find δ > 0 such that for arbitrary {(t_i, s_i)}^n_{i=1} satisfying ∑_n i=1(s_i − t_i) < δ , (t_i, s_i) disjoint intervals of [a, b] ⊂ [0, t^∗(x)), we have that n∑ i=1 (M^v(h_1, h_2)(s_i, x) − M^v (h_1, h_2)(t_i, x)) = n∑ i=1 | |M^v(h1, h2)(si, x) − M^v(h1, h2)(ti, x) | | < ϵ. It is easy to check that J^v (s, x) is absolutely continuous in s ∈ [0, t^∗(x)) (it is the sum of 2 absolutely continuous). Therefore we can find δ > 0, δ <^ϵ_{3c} , such that n′∑ i=1 | |J^v (h1,h2)(t^′_i, x) − J^v (h1,h2)(s^′_i, x) | | < ϵ 3 whenever n′∑ i=1 (s^′_i − t^′_i) < δ (43)

for any disjoint intervals {(t^′_i, s^′_i)}^{n′}_{i=1} of [a, b] ⊂ [0, t^∗(x)). Consider an arbitrary {(t_i, s_i)}^n_{i=1} satisfying ∑_n i=1(s_i − t_i) < δ , (t_i, s_i) disjoint intervals of [a, b] ⊂ [0, t^∗(x)). Setting ζ =^ϵ_{3n} in (11) of Proposition 4.3, we have that 0 ≤ n∑ i=1 (M^v(h_1, h_2)(s_i, x) − M^v(h_1, h_2)(t_i, x))

≤ n∑ i=1 | |J^v (h1,h2)(si, x) − J^v (h1,h2)(t̄i, x) | |+c n∑ i=1 (s_i − t_i) + ϵ 3 . But since ∑_n i=1(s_i − t̄_i) ≤ ∑_n i=1(s_i − t_i) < δ, we can conclude from (43) that n∑ i=1 | |J_v (h_{1,}h_2)(s_i, x) − J_v (h_{1,}h_2)(t̄_i, x) | | < ϵ 3 and thus 0 ≤ n∑ i=1 (M^v(h_1, h_2)(s_i, x) − M^v(h_1, h_2)(t_i, x))

≤ ϵ 3 + c n∑ i=1 (s_i − t_i) + ϵ 3 ≤ 2ϵ 3 + cδ ≤ 2ϵ 3 + ϵ 3 = ϵ. This shows that M^v(h_1, h_2)(t, x) is absolutely continuous in t ∈ [0, t^∗(x)).

References

[1] A.Bensoussan and J.L.Lions, Nouvelles methodes en contrôle impulsionnel, Applied Math.

Optim., 1, (1975), 289-312.

[2] Y.S.Chow, H.Robbins and D.Siegmund, Great Expectations: The Theory of Optimal Stopping, Houghton Mifflin Comp., Boston, 1971.

[3] O.L.V. Costa and M.H.A. Davis, Approximations for optimal stopping of a piecewise deterministic process, Math. Control Signals Systems, 1, (1988), 123-146.

[4] O.L.V. Costa, Impulse control of piecewise-deterministic systems, Control and Dynamic Systems, 71, Discrete-time control system analysis and design, editor: C.T. Leondes, Academic Press, (1995), 291-344.

[5] M.H.A. Davis, Markov Models and Optimization, Monographs on Statistics and Applied Probability 49, Chapman & Hall, 1993.

[6] M.H.A. Davis, Piecewise-deterministic Markov processes: A general class of non-diffusion stochastic models, J.Royal Statistical Soc. (B), 46, (1984), 353-388.

[7] M.A.H. Dempster, Optimal control of piecewise-deterministic Markov processes, Applied Stochastic Analysis, Gordon and Breach, New York, (1991), 303-325.

[8] F. Dufour and O.L.V. Costa, Stability of piecewise-deterministic Markov processes, SIAM J.

Control and Optimization, 37, (1999), 1483-1502.

[9] W. H. Fleming and H.M. Soner, Controlled Markov Processes and Viscosity Solutions, Applications of Mathematics, Springer-Verlag, 1993.

[10] D. Gatarek, On first order quasi-variational inequalities with integral terms, Appl. Mathematics and Optimization, 24, (1992), 85-98.

[11] U.S.Gugerli, Optimal stopping of a piecewise-deterministic Markov process, Stochastics, 19, (1986), 221-236.

[12] O. Hernández-Lerma and J.B. Lasserre, Discrete-Time Markov Control Processes, Springer, New York, 1996.

[13] S.M.Lenhart and Y.C.Liao, Integro-differential equations associated with optimal stopping of a piecewise deterministic process, Stochastics, 15, (1985), 183-208.

[14] H.L. Royden, Real Analysis, Macmillan Publishing Company, New York, 1988. [15] A.N. Shiryayev, Optimal Stopping Rules, Springer Verlag, New York, 1978. [16] L. Stettner, On the Poisson equation and optimal stopping of ergodic Markov processes, Stochastics, 18, (1986), 25-48.

[17] F.A.Van der Duyn Schouten, Markov Decision Drift Processes, Amsterdam: CWI Tract, Centre for Mathematics and Computer Science, 1983.

[18] D.Vermes, Optimal control of piecewise-deterministic Markov processes, Stochastics, 14, (1985), 165-208.

[19] A.A. Yushkevich, Bellman inequalities in Markov decision deterministic drift processes, Stochastics, 23, (1987), 235-274.

[20] J.Zabczyk, Introduction to the theory of optimal stopping, Lectures Notes in Control and Information Sciences, 16, (1979), 227-250.

[21] J.Zabczyk, Stopping problems in stochastic control, Proceedings of the International Congress of Mathematicians, Warszawa, August 16-24, 1983.